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Abstract 

In this study, we consider the effects of the cosmic rays and the magnetic diffusion on the thermal 

instability in the interstellar mediums. The dynamical effect as well as the heating effect of the 

cosmic rays are investigated on the thermal condensation in a medium where the cosmic rays 

diffuse along the magnetic field lines and the magnetic diffusion is present. Two separate profiles, 

i.e. constant field and force-free field, are considered for the magnetic field of the medium 

background. The linear perturbation analysis is used for the study of the thermal instability in a 

medium with a point of view on the previous works. The results show that the cosmic rays reduce 

the growth rate of the magnetothermal condensation mode, and increase the domains of stability. 

However, the magnetic diffusion shows two different behaviors which depend on a number of 

conditions affecting the magnetic diffusivity. In other words, the magnetic diffusion increases the 

domains of stability for cases less than a certain value of magnetic diffusivity, and decrease the 

domains of stability for cases larger than this certain value. Furthermore, we found that the 

dynamical effect of the magnetic diffusion dominates the dynamical effect of the cosmic rays. 

Finally, the results address some regions in which the fragmentation of the clouds into clumps 

and cores can be seen with the magnetothermal condensation effects. 
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1 Magnetic Diffusion 

2 Flux Loss Time 

3 Ambipolar Diffusion 
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1 Ohmic Dissipation  
2 Magnetic Braking Catastrophe 

3 Molecular Cloud 
4 Paleomagnetism 
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5 Interstellar Medium 
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7 Linear Perturbation Analysis 
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1 Weakly Ionized Gas 
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y�[� ��:��b �+�� ��[�� -� %)�3 <�F�:5 p�� �J��� 
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1 Magnetic Reynolds Number 
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<��N�*O� F�=��  	?‖ � 9�3�^.�  0��� �� �8� q1+}

%�� ����� .h��1��3 �.��[�� &� %�� ?��)a &�S %.�P : 

+ = BCDE &; 8                                              

 F' �� -,FG  	 &�S %��MH� �� <.:T.:� F&	% .

<� F:*,�-� ��3�:5%��, 01� &� <C+� ?��I9c ��

�1&��+d�.  

	
����� ��� 

   -� -, %�� q��*� �y	+� ��+� -c:5 <��� �8�

��*, : �� = ,./IJ 9                                                

F' �� -,  	 �:3 %a+�KL %�� <T1+�T.� %1�=� .

�� �8� 0�*���<� �� <� &=.:*1� �=a �� F�:5

<��N�*O�1 �+, F���:  

�� = MNOBJP 10                                               

 F' �� -,Q  	 -782� \:NRM  <4� -782� %a+�

%�� . +S� -, %�� <�1=�FLS ≫ 1  <��� <28� +M�

�:� =��:C 9�U�3 .782� \:N� � <4�<� � �� F�:5

9*�c \:N2  �+, t��R <.:T.:� +�� ��]38�37[: 

2 Jeans Length 
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UV = WXY,YZ[ 11                                           

 �F' �� -,\ S %��M ��3�+]^ -� W:�+� <)1+} >T�

 	 +��_^ = `�a   ?:z %a+�%�� . %a+� t��/�

<� 9�3 �� <4� -782� F�:5RM � ℳ_^  +Z3 ��

 -, %B+Sℳ %�� Y�� <�N]5 �=a .-� q�5+5 01�

<�%�:3 F�:5: 

�� ≅ d5FGH� W]\̂ e ℳFLS ; ≅ W]\̂ ℳFLS
+&. 
12 

<� �� �t��� 01� +�?�:z ��3�:5 &� +1& <�:�a �=*�

�1+1Kd� �� <��� �8�: 

�� ≡ WXY�Z[ ℳBJP &g+h 13                           

 q1+} 	� ��=/�i  	j %�� %��M . <, >P �� v=�

%�� -p��� P 01� �� 01� �� V+B �=��� &��3 �c +� �\�

-, �:� =��:C :i = − ��  	j = 1. 

 -�c &� �<3���'+�D ?�+M� �-)XR	� 	 <��� �8�

-� <E���%�� �=�3:1 Q�4� &� �+�, -U -, ���� 01� .

c��� -� 9�3 <S=�3:1 F�9�� 9�3 	 <.�EU

%ZB�4� <E��� �^*��+B ���5 +��+� �� Q�4� <S=�

 ����]13�39�40[.  %ZB�4� {:C <.:T.:� ���+�� ��

 -, �=�CRs  =*1�+B �%�� <S=�3:1 ��2*� ��*5

<�R	 q�,+5&��  �	=P �� �+�, -,	�kZ  Q�4� &�

-� �3:1 =*1�+B �� �%�� �=� �=�3:1<� \��[5=�� .

<� �:^3 �^*��+B ���5 -, <P�:3 F' �� �h��[�)N �=*,

 �� 	 �+�2�� ����� �3:1 +�, �<n*C <�5� Q�4� =*3��

 ��,�+�� <P�:3	 � 10��cm�� r%�� +��, ����� �

 >1��5 ��&' ������ �+1&-� -, =3���-3�� +�S��)D ���

=**, . ��=a� -�1�/� &� >)R -, %�� ��� ����=C� +� ��

 -U ��:� �� -, �:� 682� <��N�*O� &=.:*1�

                                                           

1 Force Free Field 

 &� �&�B -U 	 <.�EU &� �+1��/�ISM  %)4z

<�A1��5 <.:T.:� +�� >��/� �1 <n*C <�5� &�S r��*, . 

<� <��� �1��+S ��:� ��%�:3 F�:5: l�mS = no./ |# × ��|� 14                            

 %��M <��N�*O� F�=�� �=*�+T�� +S� -, %�� �}�	

<�3 Y� <��� �1��+S �=��� =��)l�mS = 0 .( ��

ISM<� F�=�� �	+�31<� -c:5 qc � -, <X1�+� r=*,

 �� F�=�� ���C�� �F' ��# × �� = ]q��  ~�z:5

<�� F' �� �:]q  ���C�� 01� .%�� %��M q1+} A1

 ?�+M� ��*5 	 %�� <T���*1� �/3 =R�B <��N�*O�

<� =1=� <.:T.:� +�� �� <5��+P.��	' l�mS � no./ ]q���� 15                                 

 �� 9�3 �=z� �=��:� �� ��+Z3 �P�)� 01� ��*, ��

����C�  ��*)� +� -, �1�����3' <�-X��� F�:5 <�+�5 ��

�+, ��+R+� <.�EU 	 <��N�*O� F�=�� +1��/� 0�� : �� � _�&^.  ��*1�_�  9�3 	 %�� %��M <)1+}

<�-� F�:5 q1+/5-, %B+S +Z3 �� :r = 0.5 ]41[ . ��

u�^5 	 ?�T3 01� -� <��� �8� q1+} <E����	 ���

X��� t��� +� <.�EU 	�12 <� ��3�:5l�mS -� �� 01�

��*, <�1:3&�� ?�:z: 

l�mS � ]q� t_��4v w]^5�\ FGH�
ℳFLSx &��;. 

16 

-� </X*� �01�+��*�<� +Z3��-� <��� �1��+S -, = 01�

��*, F��� >T�: l�mS  =  l�&S;h 

 F' �� -,y = 2r + i + j  	 %�� %��M ���=/�

�1���: 

l� = ]q�z� ℳBJP  17                                       

F' �� -,: 

z� = ,{Z./ WXY�Z[ |BCDE}h
 18                            



   41                  �?�+M �8� <��N�*O� 	 ���:5+� <3���, ...            �:�4� <R�:� 	 t�)a+��� u�^� <�]��     

<� F:*,�-� ��3�:5).� -, �1&��+d� -)XR	� �8� q1+} -�

[.�X� ���  %���� A1��5 	 �+� <.:T.:� ���+��

���� �+�2�� .<����1:*� ��3�:5: �3 = �./�~ �  19                                        53  �	+�3 &� -, ���� @�3 -)XR	� �3�� q1+}

F:1 0�� <,�TXz�<� <��3 <n*C ?��� 	 �� �:�

]32�42[  	&� %�� <3:1 <.�EU.  

X���� -� &�S <.�EU 	 <3:1 <.�EU 0��?�:z  &� ≅ z&� <� F���F' �� -, �:�                   z = 3 ×
10���gkZcm��Z %�� %��M q1+} A1 . -X��� 01�

=*�� F�23�  �� -, %�� %�[R�	 01� Y+3 �\��[5 %.�P

q�,+5&��1 <� �+��+� �3:1 Y+3 ��=*, .��  �(R�	

-�<� \��[5 W+� ��=/� F�:5	  h�)1+/5 ����  ��+, V+B

 -, <.�P ��	 ≠ ��  \��[5 %.�P &� v�+43� +� %.b�

���� .-�q�5+5 01�: �3 = �
./�~� �Z 20                                        

 �1��+SAD <� ��-� F�:5%�:3 9�3 ?�:z 01�: l3� = 53zR��&� =  l��&� 21                      

 F' �� -,R� = �3|%# × ��( × ��|  �=*5

F:1 0�� �3�� <n*C ?��� 	 �� 	l�� = 53zR��  

%�� .h��1��3+S Y+3 � &� <��3 >, �1��MD <��:�: l� = l�mS + l3� 22                                 

-� >, �1��+S Y+3 -, %�� �}�	 �8� q1+}

%�� -����	 F�=�� ���C�� 	 <��N�*O�.  

	���� ������ 

    <z� �/3 -� <T���*1� ?�+M� 	 �1��+S ��3:1

CRs  =*��� <.:T.:� ���+�� ��]18�43[ .-� �<, �:N

 �3:1 Y+3CRs -� ��=/� 0�� %)�3�� ��  	��  ��

F��� &�S����� ���� <E��� ��]44[h��:�a .  V+B

<� -, �:� �3:1 Y+3CR  %��M ��=/� �� %�� +��+�
                                                           

1 Recombination 
2 Spitzer Value 

 ���=3�����
Z = 10���s�� � -� @:�:�» ��=/�

�9��d��«2 ]45�18[ .��=�28� ���+�� �� �\�P 01� ��3 

 �3:1 Y+3CRs %�� ?	�^�� %��M ��=/� 01� �� .

-����� �\�n� F�:*a<� F�23 �=z� ��� Y+3 -, =��

 �� �=�28� <P�:3 �� �3:1ISM  -)5+� A1 �	=P

� <S�9�<� �9��d�� ��=/� &� +�2� =���]46[.  

 -, %�� �=� %��MCRs  ��ISM  W:XC ��=��� ��

<� ��2�3� <��N�*O� F�=�� =*��1]17�47[ .-� �\�n� F�:*a

 ��	
�]47[ ��+� <��+� F' y:}:� -, �*,CRs 

 <.�EU -, %�� ���� F�23 �%�� �=�28� ���+�� ��

CRs <�3 �1�9B� ��+�� F	�� >z�P �1��+S 	 =��1

 &�CRs �:R h��)�3 <��N�*O� F�=�� �:�P �� ��*5 

)10H\(  ��2B �1CRs  b��)10���erg. cm�� (

%�� -c:5 >��R . �1��+S ��:� ��CRs <��:5 F

-� %�:3 q1+/5]21[: l�B = 1.1 × 10����
Z	
Z  � 3 × 10���	
Z    ���. _y��. r��  
23 

.��[� -� -c:5 �� 0�*����9<� ����1:*� ��3�:5: l�B = l���& 24                                            

F' �� -,l��  %�� %��M.  

����0 � ����( 

   , �1��+S Y+3 ��:� ��<� >%�:3 F�:5: l!�! = l⋆ + l� + l�B 25                             

 -,l⋆  ���=*1�+B @��5 y:��� &� >z�P �1��+S Y+3

%�� +E1� .X���� <� �� e:B-� ��3�:5 ?�:z 01�

��*, <�1:3&�� : l!�! = l⋆ + l�&S + l��&� + l���&. 62        

���� +� J&�+� �� <^�8� (��:5 Y+3 ��+� �<�+�5 ���

 �� �1��+�ISM �=� ���*2�� =3�]48[ . �0�� 01� ��

3 Diffuse Cloud 
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���1:, ]51[  &� -�B� %�� &� <5��+P ��+3� F��� ��+�

 	 <5��+P ?�)��4� +� J&�+� &� -, �+, ���^��� <[��5

 �� <1�����]52[ �:� �=� >z�P .&�+� (��5 �=� ���� J

-� �, ��:3 u�a �� <X�4� �� �1��+� ��+� 01�

%�� ?�:z: �%&, ;( =  S�Z �%;(  27                              

 y
  	 F�	�=�� �5� @+c�%;( :&� %�� ?��)a  

28 

�%�(�∗ = 10��i� |��.��.×���
������ } + 1.4 ×

10��;kZ �i� |���� }   
0�*����  +1�� ��:� �� �1��+S ���=*1�+B<� �� F�:5

 -, %B+S +Z3l∗ = 2 × 10���erg. s��.  (��5 01�

2�	
� ������ ��-� F�+E-�B+S ��,=3� .(��5 A1 

 ���� <1��3 	 ���� <T� -, +E1� ����*2�� �1��+�

 %�� ��:� -c:5 ��:� 9�3]49[ . J&�+� �� -, (��5 01�

���� +�\:T.:� &� >z�P ���5 ��� ��� ¡ �� �� ��+

-�=�' %�� .-�<� -��:3 ?�:z 01��:�: �%& ;( = ��&¢;£ 29                               

 F' �� -,��  	¤  	¥ %��M &� =1�� -, =*��� <1��

���� =3:� 019E1�c �=z� ���]48�49[ . 0�a ��

 �\�P g&�3 ��:3 Q�4� ��+� -, %�� ���¤  +�2��

 +^z &� +��, ���8} ��:3 Q�4� ��+� 	 %�� +^z &�

]32�49[ .�	=4� �� hb:�[� ?�+��O5 �01� +� �	]a� 

 +1��/�1.4  �52.9 <� Y�.=�� <�-� F�:5 <�P��

 �1��+� (��:5 01� -, =1� 	 �+, <��+�) Q��	�28  	

29 (-� ��� 	 <.�EU 0�1�� +1��/� ��&�)Q�4� ��:3 ���

g&�3 (=3��� <3��:d�� . +� -�T5 �� >�45 -, ��3' &�

C �1��+� (��5-� ��*5 -, ���� 6.� -����	 ��� 	 <.�EU

<� �� �%�� �� �� ��1��+� (��:5 &� @�=, +� &� ��3�:5

��*, ���^��� �Q�4� %�[}	 0�B+S +Z3. 

 �1 6.�C �1��+� (��57%& , ;( ~1+[5 0�*U �

<��:�: 

7%& , ;( = �%& , ;( − l!�! = ��&¢;£ −%l⋆ + l�&� + l��&S + l���&(   
30 

 �� 6.�C �1��+� (��5 ?�/�2� -, %�� =�^� \�P

-� %)�3-� ��� 	 <.�EU�1�	' %��: 

7 ≡ §171&¨� ≡ ¤��&¢��;£ 

−%	l�&��� + yl��&S�� + l���( 
31 

7� ≡ §171;¨  

≡ ¥��&¢;£�� − jl�&S;h�� 

32 

F���<� -, �:N %�]a ���*��7 �  -, 01� <*[17 > 0  �17 < 0  -� �=���l3�  	l�B %�� -����	 . ��+�

 ��:�7 < 0 <� �-, �+, W+� F�:5: ¤��&¢��;£ < yl�&S�� + 	l��&���+ l��� 
33 

.��[� �(R�	 ���33  ��8} ��:3 Q�4� A1 ��+� -2��� %¤ < 0(  g&�3 ��:3 Q�4� ��:� �� 	 %�� +)�[� %¤ > 0(  ��=/� 	 ��� �<.�EU -� -����	¤ %�� . =1��

�c -, �+, ������  �� �-.��[��3 %��� %�� �� @	�

<� F�=�� 	 %��M F�=�� <��N�*O� �=*�+T�� 	� +� �	+�3

z%�� +^.  

 ��:� ��+� �01� +� �	]a7� < 0 ����� -���� =1��: ¥��&¢;£�� < jl�&S;h�� 34                  

-� -X��� 01� ��)�a� �=a +1��/� -� %�� -����	 ?=�

 Y�� <�N]5 �=a 	 <��N�*O� &=.:*1�) =�*, ��E3

-�.��[��17.(  

	67 8'97� 

   1� �� �� -, <z� ?b��[� +� �� <XC <.]�C� ��*

-� <)R �8��=�' %��<� \��a� =3���*, . >T�

%�� 01� <XC \]�C� :«�%� �( ≡ «� �i�%¬� + ® ⋅ �(  -,«� *����  �\]�C�® 



   43                  �?�+M �8� <��N�*O� 	 ���:5+� <3���, ...            �:�4� <R�:� 	 t�)a+��� u�^� <�]��     

 	 \]�C� f:� ���+�¬ %�� =�� Y+3 . �� 0�*���

1:3+1& �� �� <.]�C� 	 <.��[5 ?]�c� ���0  	1 
<� 682���*, . 0�2�� �����, -��2�]17�23�32�33[ 

 \��[5 %.�P �� -, �+, ����:C V+B7%&�, ;�( = 0 .�- �:4� -� �� <5�7�8� ��E��� �� ��	]a�g ��h 

 	�¯ -� ��-� -, %B+S ����:C ��,43 01� ~1+[5 :

<�=3:�: 

�¯ = �{�{  �h = �{×®|�{×®|  �g = �h × �¯ 35      

<XC >T� ?b��[� �=� �&��1 �2  	4  <�1:3&�� ��

<���*,: ¬&� + &�® ⋅ '� = 0 

36 ¬&�'� + ®+� + ®+,-�+ %�� ⋅ ��( ®4v− %® ⋅ ��( ��4v = 0 

37 ¬�� + ��%® ⋅ '�( − %® ⋅ ��('� +��%® ⋅ ®(�� + ]q����� + ]q��®× �� −�°�%�� ⋅ ��(2%® ⋅ ��(® − %® ⋅ ®(��4 +�°�%® ⋅ ��(2%® ⋅ ��(�� − %® ⋅ ��(��4 = 0 

38 

 F' �� -,��  	��� -�-� �q�5+5 �8� q1+} F�:*a

 -�B+S +Z3 �� <.]�C� %.�P 	 <.��[5 %.�P �� <���

�=� 	 =3��°� -� 9�3 �� -)XR	� �8� q1+} F�:*a

%�� �=� ~1+[5 \��[5 %.�P . -, =���� -���� -c:5

.��[� -�c 01+C'�33 S F:3�R t��� +�� ��+� t	

� %�� +^z <��N�*O� F�=�)® ⋅ �� = 0 .( 01�+��*�

>z�P �� +S�-X/3 {+} ���� ��[� �� ���.33 -� %��

%��� ����:C ��1�	':   

�� ⋅ �� = 1¬ + ®�H� 8%® ⋅ ��(%��⋅ '�( − ���%® ⋅ '�(− ]q������= 

39  

�1��� �*�}: H� = �� + ����°� 40                                  

<� =��� <��� �8� �� -)D +S� -, %�� <�1=� F�:5

 %B+S +Z3 ���°� = 0  	 9�3 q.�D -)XR	� �8� +S�

=��� �1��� �� = �� = 0 . ?b��[� <XC >T�5 �

6  	8 &� �:� =��:C ?��)a: ¬5 − 1 +� − ¬5+�%5 − 1(&� &� + &�7 &� 

+&�7�;� + 89‖±‖� + 9<±<�=;� = 0 

41 ¬5,- − 1 +,-� − ¬5,-+,-�%5,- − 1(&� &� 

+?‖ %® ⋅ ��(���� +,-� = 0 

42 aka{ −  k { − �k�{ = 0 43                                    

 

 Q��	� 01� �� -,7 = |�²� }�  	7� = |�²� }  

<� 0��[5 \��[5 %.�P ��=3:� . @&b �01� +� �	]a

f:� �=a =*U %�� ��*, ~1+[5: 

± = H%5 − 1(&� 7 F_^;� 

±� = H%5 − 1( 7�F_^;� 

±³‖ = F_^&�H%5 − 1(9‖ 

±³< = F_^&�H%5 − 1(9< 

44 

<� ���+�O�� 0�*���-� ��+� ��� +1& =[� F��	' %��

X���� <� <B+[� �<S=*�����*,: 

´ = ¬_^± , K = ± ±  ,  
K� = ±�±  , K³‖ = ±±³‖  , K³µ = ±±³< 

45 

0�*���:  
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K³ = K³‖¶ + K³<%1 − ¶( 46                     

 ��*1�¶ -� ?�:z¶ = cos�¸  F' �� -, �=� ~1+[5 ¸  0�� -1	�&��  	®  	_^ = `5+� &�⁄ %a+� 

%�� ?:z .<� F:^.' %a+� F�:5)R3 = �� `4v&�⁄ (-� ��-� ?:z %a+� A�, >T�

<�%�:3 =[� :  ¥, ≡ N~,Y  , ] ≡ ¥,� 47                                 

<� 	 ��� +������ ���U -�B+S +Z3 �� =1�� 9�3 +E1� =[�

�:� .º  	»  ?�+M� +E3���CRs  ~1+[5 0�*U 	 =*���

<�:=3:�  

º = +,-�+�  , » = »� ±±   
 »� = %5,- − 1(± ?‖_^  

48 H�  	 H� 9�3F�23 h��[�)N -, =*��� <28� ?�+M� �=*��

-� <5	�^�� ~1��[5 -)XR	� �8� 	 <��� �8� ��&�

%��� =*��:C:  �� -)D +S�=��� <��� �8�: 

H� = ±_^ ��   ,   H� = ]q�±_^ �� 

�� = �� §i &�&� + j +�+�¨ 

 	 �8� �� -)D +S�-)XR	� =���:  

H� = ¼�{Z,Y ��   ,    H� = 0   

49 

 -,i  	j =*��� %��M .h��1��3 � +S�½ ��  %��M <���, -,

<� 	%�� =[�-� �:��*, ~1+[5 +1& ?�:z  

½ = 8]q ±⁄ =�
 

 %��� ����:C:  

Hg = X¾Z¼,Y ��i = ½H�i 50                           

Hh = ]q�±_^ ��j = ½H�j 

 +S� -, %�� �}�	½ = 0 �=*�+T�� -� -p��  F�=��

<�	+B %��M=��, .X��� -)��4� <,=3� ���  <S=*���

-�-� +1& ?�:z<� %��=1': 

´� + _¿´¿ + _.´. +_�´� + _�´� + _�´ + _� = 0 

51  

�1��� -X��� 01� ��: _¿ = K� + K³ + »¶ + H� _. = »¶%K� + K³( + 1 + ] + 5,5 º+ H�2K� + K³ + »¶4 _� = 15 %1 + 5] + 5,º(%K� + K³(
+ H� À15 »%K� + K³(¶
+ 15 §5 + 5,5 º¨Á
+ ]8Hg + Hh=%1 − ¶( 

_� = ]»5 %1 + 5](%K� + K³( − »¶5 K 
+ ]¶ §1 + 5,5 º¨
+ H� À15 §1 + 5,5 º¨ %K�
+ K³( + »¶ − K 5 Á+ ]%1− ¶( À15 %K� + K³(8Hg
+ Hh= − 15 K Hh
+ »¶8Hg + Hh=Á 

_� = ]¶5 %1 + 5,º(%K� + K³( − ]¶5 K + ]»¶�+ H�»¶ÂK� + K³ − K Ã+ ]»¶Â%K� + K³(8Hg+ Hh= − HhK Ã%1 − ¶( 

_� = ]»5 ¶�8K� + K³ − K = 

52  

.��[� �� +S�- 782��51  -, ��*, V+B� = 0 

-�-782� -.��[� �� -, ��]17[ -� �%�� �=�' %��

 �1+�E� +S� 	 =��� ����:Cº ≡ » = 0� .��[��51 

-� �����, �� -z�P -782� ?b��[�]32[  	]33[ 



   45                  �?�+M �8� <��N�*O� 	 ���:5+� <3���, ...            �:�4� <R�:� 	 t�)a+��� u�^� <�]��     

<� +�*��:� . +M� vKP �� �-.��[� 01� 0�*���CRs 

 	MD )º ≡ » ≡ � = 0 (-�.��[�- 782�� 

 <5��+P:N�*O� ���=1���3 ���=3����]23[ <� �����:� .

>T� �� �=� +,� >I���1 �=� +1:75=3� .-� ?��)a

.��[� �+E1��51  �=�3:1 &�S A1 �� <5��+P:N�*O� f�:��

 �:�P �� �� ~�[}CRs  	MD <� ~�z:5=*, . ��

-�-� �:Z*�-21� F��	' %��.��[� 01� ���-  �-782�

-� �� F' +Sb J	� &� ���^��� �� 	 ��=a ?�:z]49[ 

<� >P��*, .h��1��3 ���=1�� <P�:3 �)��	=4� &� ��

-� -, +1��/��� </�/P �8� F' ��&�� -21� -.��[� ���

=*��� <^*� -782� ( ���=1���3 	)��	=4� +1��/� &� ��

-� -,-21� &� <T1 >R�=P </�/P �8� F' ��&� ���

=��� %)n� -782� -.��[� ( %�]a +��O5 -� -c:5 ��

-21�<� A�T^5 �� &� ���=3:�.  

:�! � � ;�9� 

   -� _1��3 >�45 �� v=� ��8� 01� �� �=�' %��

������:�3 �� -, %��1  �58 �=� -z]C=3� .

>T����1  �54  ���=1�� <P�:3)���=1���3 	 ( F�23 ��

<�-� </B� 	 ��:�a �:4� 	 =*�� -� q�5+5K   	 K�Ä = K³ + K� =*N:�+� .������:�35  �56  9�3

<� �1��3 \]�C� f:� �=a +��+� �� �� =�� Y+3=*�� .

 ������:�3 �� �%1��3 ��7  	8  >��/� �� �� =�� Y+3

MD <�<� =[���*��. 

>T� �U %�� ��1  ���=1�� <P�:3CRs )� = 0 �

 -��2�]17[ (%�� �=� ���� �1��3�  ���:�3 -, <.�P ��

 ���=1�� <P�:3 �%��� %��MD )º ≡ » = 0 �

��2�-]32�33[ (<� F�23 ��=�� .F��� %�� �� -, �:N

>T� �U1 <� �=1� +M� ��:�CRs  %����P ���1&

 -� %)�3¶  �1)¸ F��� -, +S 0�� -1	�&®  	� %�� (

����� -��:3 -, ��:N -1	�& 01� ���, �� ���=1�� <P

-�<� AU:, <�:�4� �:N�Ta+� 	 �=3:� . +M�

MD >T� %��� %�� ��1  %�� �=� ���� F�23

-� �1�9B� �� ���=1�� <P�:3 -, ��:NH� < 1 

<� J+��S=*��1 .\�P 01� �� y:}:� � ��+�H�  <�,

%�� ?	�^�� .F���h])R -, �:N  ��:� �=� F���½ = 0  	H� ≠ 0 F�23=*���  ��:� 	 %��M F�=�� �=*�+T�� ½ ≠ 0 <� F�=�� �=*�+T�� +� \��%�� 	+�3 . �01�+��*�

[.�X� �� <��N�*O� F�=�� ���C���  <5��+P ���=1���3

%�� ��� ����� . -, =���� -���� -c:5>T�1  ��+�

 ��:�K < 0 *��� �\�P 01� �� �%�� �=� ���� 

 %.�P ��+� ���=1��K > 0 �P�3 �� +��*���  <1b��

-/X*� �%�� �:74� </B� �:4� 	 �+�5 QC 0�� -, ��

-� �%�� �=� -, <���R 9c½ ≠ 0  	K > 0 . 

>T�2 5 ?�+M�� �=1=� 	� +� F���)CRs  	MD ( ��

/� &� <C+� ��+� +1��½  	¶ <� F�23=�� . �U %��

>T�2 -� ��&�¶ = 0.01  ���:�3 01� +E1� v+N 	

 ��+�¶ = 0.1 %�� �=� ��� .F���<� -, �:N �=�*��

 �1�9B�½  ��+� �� v+N 	� +� �� �� ���=1�� <P�:3 K < 0 <� ���,=�� .�1�/� &��  ���:�3 v+N 	�

<�1	�& �/3 -, %B+S -���3 F�:5�  0��®  	�  ��

�&:P <��+�<� <��N�*O� F�=�� �� ���=1�� ��� 	+�3

%�� <�:d�2U >��R +�D .-� 0��3�� �+E1� ?��)a

%�� ��� ����� <��N�*O� F�=�� �=*�+T�� .>T�3 

>T� F���2  �� %��H� ?	�^�� .�1�/�� >T� 0��2 

>T� 	3<� F�23 � ?�+M� -, =��H�  	½  ��:� ��+� H� < 1 �� ��:� ��+� 	 ?	�^H� > 1  -��2�

<�=*��� . +��O5 �\�P 01� ��¸  ��+�H�  �+�2�� %����

 �5 ����½ .>T�4  %.�P �� ���=1�� <P�:3K > 0 

<� F�23=�� .F���<� �=1� -, �:N <P�:3 +��O5 ��:�

 ��:� �� ���=1��K > 0  ��+� ��*5½ ≠ 0  Y�

<�=�� .-�1� �+E1� ?��)a +��� <3��& ��*5 +��O5 0

<�=��)3 %��M <��N�*O� F�=�� -, �:�. 

������:�35  	6 +��+� �� �� <5��+P �,�+5 =� =�� Y+3 

f:� �=a<� �1��3 <.]�C� ���=*�� .>T�5  ��+�

 ��:�K < 0 >T� 	6  ��+�K > 0  �=� ���
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%�� .F��� �1�9B� �%�� �:�2� -, �:NH�  =�� Y+3

5 =�>T� �� <5��+P <�,�+6 <� �1�9B� ��=�� .

 �1�9B� 0�*���½ -� 9�3>��R �:N =� =�� Y+3 <�c:5

 ��:� ��+� <5��+P �,�+5K > 0 <� b�� ���+� . 01� ��

>T� �� %�[}	 �\�P5 %�� ?	�^�� . %.�P ��K < 0�  �1�9B�H�  	½ -� +�*� 	� +� =�� Y+3 ���,

<�=3�+S .+� (R�	 �� ��:� ��K < 0 �MD  Y+3 �	�

���� <2��, +M� =���  %.�P �� -, <.�P ��K > 0 

%�� <21�9B� +�M�5 01�. 

 ������:�3 ��7  	8  �� <5��+P �,�+5 =� =�� Y+3

 q1+} �� t��RMD <�%�� �=� ���+5 =[� .>T�7 

 +1��/� &� <C+� ��+�½  ��:� 	� +� �� 	K < 0  	 K > 0 	 �=� ��� 1��3F� F�=�� �=*�+T�� +M� +S

<�%�� 	+�3 .>T�8  Q1�+� 0��� �� �� =�� Y+3 9�3

-� 	 +1��/� &� <C+� ��&�º <� F�23=�� . �1�9B� �� ½�  ��:� 	� +� �� =�� Y+3K < 0  	K > 0  ��

>T�7 <� +�2��>T� �� -, <.�P �� ��:�8  	� +� ��

 �1�9B� �� =�� Y+3 ���, =��� ���:�º ����� .

�	=4� �� =�� Y+3 -, =�*, -c:5 �01� +� �	]a� 0 < H� < 1 -� 	 ��&�K < 0  �� r%�� <2��, <[��5

<.�P�	=4� �� 	 ��:� 0��� �� -,� 1 < H� < 5 

���� <21�9B� =3	� . ��:� �� ����B� 01� �� t��R �� K > 0 ��	=4� +��+� �� =�� Y+3      �                         0 < H� < 5  &� ��:[z <[��5H� -� r%�� ��:N

&�� �� -,� 0 < H� < 1 (1+� &� +51 < H� < 5 

<� =��=*,.  

<�� /���� �����,��  

   -� _1��3<� F�23 �=�' %�� ���=1�� <P�:3 -, =��

 %�[}	 	� ��+�H� < 1  	H� > 1  ?	�^�� �����

<�=*��� . ��:� ��+�H� = 1  F�:� q.�D V+B ��

                                                           

1 Cores 

 �8�<� �<���-782� f:� \:N ��3�:5 �� ��

-�-� +1& ?�:z�1��	' %��: 

U� ≡ 2v ℳBJP UV 53                                    

-� +S� �-3:�3 F�:*aFLS = 100  	ℳ = 4 �1���: U� ≡ 0.25UV 54                                        

-��� +�� ��+� 9*�c f:� \:N ��0.1 +   -, %��

 -� +�*�U� = 0.025 +  <��:� . y:}:� 01�

[.�X� �� %�� 0T��� >T����� �+�S�, F�S@+c  ���

=��� .<� �� �-)XR	� �8� -)D V+B �� 0�*��� ��3�:5

-782� f:� \:N ��:� ��+� �� ��H� = 1 -� %��

�1�	': 

U3 ≡ �/�{Z,Y �� ≡ �/,Y��~
X̀  55                         

 

 -, %�� =�^� \�PU3  +Z3 �� \:�[� ��:� A1 �� ��

�1+�E� ..��[� �� �� +1& +1��/��45 <� 019E1�c��*,:  _^ = 3 × 10¿ _y r⁄  53 = 3.5 × 10��_y�. ���. r�� z = 3 × 10������. _y��� ] = 1 
%��� ����:C: 

U3 ≅ 0.05 +  §��Å,SÆ�
�C ¨kZ

56                    

 

 %.�P ��H� < 1  -, %�� �}�	U > U3  ��+� 	 H� > 1  9�3U < U3.  -� ��=/� 01� -, =�*, -c:5

-��� y�[���1 :� +�� �� ����� J91�	+B \�P �� <.:T.

 %�� A1�93]21[ .�P ��:� �� <n4� -, %�� q��*� \

X����  <3��& t��/� 	 -782� f:� \:NAD  �1Ç3� 

����� -���� .-� <*[1 ���� +������ 	� &� y]N� <, �:N

�F' <3��& t��/� 	 6.�C �1��+� (��5  <��+� ��+�

%�� ��	+} Q�4� A1 �� <5��+P ���=1���3 y:R	 .

 �+, %��M =�B]23[ <� <5��+P ���=1���3 -, =3�:5

 <.]�C� &� �&�S <.�EU �� <E�^�' (1+� =�� �a��
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-*��� �5 <.�EU AU:, ������:� �<XC+�D ��� . 01�

<� Y� <�R	 e�^5� ��1��+� <3��& t��/� �� -, =�� Ç,� ��5:, ����� �<T���*1� F��& &� +5Ç�h�  Q1�+� ��

 �� \:�[�ISM =��� . ��� F�23 :� �+E1� v+N &�

]42[  <3��& t��/� -, +�� A1 �� -)XR	� �8�

<� �� <.:�[� <.:T.:�-� F�:5 ?�:zÇ3� =
10� | Èa�}� j�  *1� -, r�& q1+/5 ��U  f:� \:N

+� \]�C�%�� A���� =P�	 q�P . 01� +� �t���

<� <3�+4� f:� \:N ��+� -, %��� ��Z�3� F�:5U = 0.05  -� +�*� -,Ç3� = Ç, <� -)XR	� �8� ���+S

=��� ��� .[.�X� �� %�� 0T�� y:}:� 01�� 1+Z3� 

�, F�S���� >�T25<*[� @+c=��� ���.  

	� /���� �����,������ 

   ��� &� <T1=�� �=*�+T�� ��:� �� _1��3 01+5 F�

<� ��+� ���=1�� <P�:3 �� +��O5 &� %�� ?��)a �	+�3

 %.�PK > 0 .-� ��:� ��+� ���=1�� <P�:3 �+��� F��� K > 0  +S� ��*5 �%�� %��M½ = 0 . F�=�� +E1� +M�

<�%�� ���=1�� <P�:3 ���, �	+�3 .F��� �� -, �:N

>T�4 <� �=1� ��:� �� ��:�K > 0  ���=1�� <P�:3

<��:5-� =*3-� r=3:� =1=��3 >��, �:N <3��& �:7C

 -,½ ≠ 0  	¶ → 0 . F�=�� �=*�+T�� +M� �0�*���

<� ��:� �� =�� Y+3 �1�9B� -� +�*� 	+�3K > 0 

<��:�.  

= � 

   ��	=4� �:���c �� �� �8� 01� �� <.�EU &� <1��

<� &�D' <.:T.:� ���+�� �� �� -, ��*,��3'  y:R	

�� <5��+P ���=1���3=��� ��� %�� 0T .�- ��+� ��	]a

 +M� ��3�=� -, %�� ��� �� 01� �� -)XR	� �8�

��	=4�>��R ��-3 �1 �%�� -c:5 . 01� �� W�)5�� ��

 <.:T.:� ���+�� �� <5��+P ��=1���3 y:R	 �y:}:�) ��

 <.�EU	 � 10�_y��  ���� 	; � 35 −

759( S ��+R -[.�X� ��:� u�/45 01� (��*� �� -�B+

 �<5��+P +Z3 &� ��+�� 0�*U -, �=� @:[� 	 %��

%�� ��=1���3 .<� �t��� 01� +� �� <5��+P �,�+5 F�:5

-�-P+� F�:*a �� <23�+S J91�	+B ��+� <5��=/� ��

 <5��+P ���=1���3 ��K. 	 %B+S +Z3 �� <.:T.:� ���+��

<�2*� =3�:5�  �� t��/�91� ������C�� ��+� <���

�, ���+��=��� <.:T.:� h]�.  %�� �=� @:[� 0�*���

 -, ~�[} ����]� �� <5��+P ���=1���3 <�P ��=�3:1

t��/� ��<� 9�3 AU:, <.:N ���=*, =�� =3�:5 .

-T1��� ��+� <�P <.:T.:� +�� A1 &� ��) ���C��

`�:C 	 �=[� A5 <��N�*O� �1��+S >��� �<23�+S

F:1 �3�� &� <��3 <,�TXz�`<n*C ( �1��+SAD  ��

��� -T1��� <3	+�� <P�:3 �1��+S Q�:�� Y+3 &� +5

 &� >z�PCRs %,+P 	 	 %�� <�N]5 ���

�� <5��+P ���=1���3<� ��2B -�P�3 01� �� =3�:5

�+�S ?�:z . %45 <5��+P ���=1���3 �01� +� �	]a

 +M�AD -��� �� <.:T.:� +�� ���%	 ∼ 10¿ − 10�_y��( �� A1 ��-3�:��� -� ��) F��/5 ��

��:4� (<�=*, =�� =3�:5 .-z]C 01� _1��3 &� ��

-�%��� u�/45 (��*� �� �=�' %��.  

 _1��3 01� <T19�B+�C� ���=���� &� <T1 %�� =�^� \�P

���� ��+R -c:5 ��:� �� .-��\�n� F�:*a  &�S A1 ��

 ~�[}<� +Z3 �� �� �=�3:1 f:� V+[� �� -, �1+�S

-�+}�%�� -�B+S ��+R +�C�:3+�� A1 &� >z�P � .

-�T3 0�.	� %�c 0�� -1	�& ��:� 682� =1�� -, ��

-�+} f:� &� <��3 \]�C� ��2�3� 	 +�C�:3+�� &� ��

%�� +�� �� <��N�*O� F�=�� W:XC ������ .�T3� @	� �

-� -, %�� -782� f:� \:N 0��[5 <T19�B ��:C

 &�S �F' <.�EU -�c &� ��=�3:1���� <E��� . \:N +S�

 �=��� -782� f:� \:N &� +�2�� \]�C� f:�MD 

 ��:� ��+�¶ → 0  �� <��N�*O� >�45 �1�9B� �a��

<� <23�+S J91�	+B +��+� ��:� �� 	 �:�¶ → 1  F'

<� ���, ��=��.  
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���>� � 3
�4�?�@�� �� 

   F���<� -, �:N�8� ��3����, &� <1��  �� ��� <[B

�� �����,2�	
� 0�2-� �F�+E -3 	 �9�� �:N�5 �F���

-�B+S ��+R -c:5 ��:�=3� .-� +M�CRs  ��]17[  	MD 

 ��]34[  	]35[ %�� �=� -�C��+� .-� �\�n� F�:*a

 F���T�� 	 �+�����]34[  �� ���]� <5��+P ���=1���3

 �:�P ��MD =3�+, -[.�X� . -[.�X� 01� �=[� <5=�

 F���T�� 	 <.�7C Q�:5]35[  ��:� ��ISM -� ��,

%B�1 -[�:5 	 =� -�B+S . �� �+M� 	� +� �� �-3�^����

u�2�X��� &� �+�S�  ���� �:c	 <T2� <S=*���

)X��� -, =�*, -c:5� q1+} 	 <S=*��� F' ��� +� ��

%�� F��T1 +M� 	� .(X��� �\�T�� 01� ()5 -��  <S=*���

' 01� ��3' -� ���M �� -�]32�33[  h�B+z �8� ��:� �� 

-� -)XR	�<�3	+B �%�� �=�' %��=��, . 01� _1��3 ��K.

%��3 �:,K� ��M' �� -�1�/� >��R 9�3 �� ��, &� �8� .

h�*�}.��[� u�2� �� �-p�� 0��� �� -X��� �� �� 

 -I��� ~.� %�:�� �� +�2�� ?��I9c �� �� <S=*���

��+,�1�. 

 ?�[.�X� ��]32�33�35[ h�B+z  +M�AD ) �:�P F	=�

CRs (.�P �� %H� > 1  -�B+S ��+R -c:5 ��:�

%�� .-� F�21� -, =3=��� -���3 01�AD  �a�� ��*5

 <23�+S J91�	+B +��+� �� <��N�*O� >�45 ���,

<��:� .��3' -� �� �:C <��+� �	=4� �:,K� Q1�+�

 ��:� 	 =3�+,H� < 1 =3�+T3 <��+� �� . +� �	]a
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 {��DCRs <� vKP �:�)-� ��:3 Q�4� ��:� ��*n���
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 �%�� +^z -2��� -, <3�+4� f:� \:N -3:EU -,
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<� <�:�:� <c:� ��+S)-�.��[��38  ��]33[  	

X����35  ��]35[ =�*, ��E3.(  

3A�9����0 
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CRs  �=P �5 &�S A1 �� <5��+P ���=1���3 y:R	 +�

%B+S @��3� �9�3:1 . <I9c �=�3:1 &�S 	CRs -� F�:*a

 	�=3=� -�B+S +Z3 �� \����  \��� -, =�R 01� ��CRs 
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 	 <XC \]�C� >�45 �� �� <��N�*O� F�=�� �8�

5 0�B+S +Z3 �� 0�}� 	 <��� �8� F��� �8�

�1��� ��+R <��+� ��:� -)XR	� . ��, �� �(R�	 ��]17[ 

 {:U��U �� -, ��MHD  �� ��:� �=� @��3� <3���'

 q.�RMHD �'+�D�1��� -[�:5 <3�� . 	� �� 0�*���

 ����B+S +Z3 �� <��N�*O� F�=�� ��+� �� 91���� ���C��

 F�=�� �=*�+T�� �+E1� 	 %��M F�=�� �=*�+T�� <*[1

<�=3=� <5	�^�� _1��3 -� +�*� -, ����C�� 	� r	+�3 .

<� F�=�� =1=� ?�+M� ��� ����=3 <T���*1� +M� 	+�3

<���	' . F=�' =1=� F�T��<� F�=�� �=*�+T�� �� 	+�3

ISM ��� +��� ��}:5 ��+� �� ���+�� <C+� ���:C

-���%�� �=� �+X� �� . 0�*U ����C�� ��

����<� h�)1+/5 F�=�� �:c	 �� ��*5 ��=���� -, %�� 	+�3

�:� =��:83 >�8� =P &� ��� <��N�*O�	+�T.� ?�+M� .

.��[� A1 �� �\�P +� ��� 782�� c��� -� �2��� %

%.�P -, �1��	' &�S A1 �� �� ��=1���3 	 ��=1�� ��� �5

 -, �=�3:1 �=PCRs  	MD 5 F' ��� �/3 ��^1� F���

<�<� 682� �=**,=1��3 .-� _1��3 �� �=�' %��

<��+, -z]C ��� 	� �� F�:5 : ?�+M� <T1AD  	

CRs  ?�+M� �+E1� 	 ���=1�� <P�:3 +�AD  	CRs 

=�� Y+3 +�. 
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 ?�+M�AD  	CRs �� ���=1�� <P�:3 +�  ���:�7 > 0  	7 < 0 %�� ?	�^�� ����� . ��:� ��+�7 > 0 <P�:3 �� -c:5 >��R +��O5 A1 =��� <�R	 ��*5 �� �

<� F�=�� ���C�� -, ����� ���=1�� <*[1 �%�� 	+�3 ½ ≠ 0 . �1�9B� �� �%.�P 01� ��½  ���=1�� <P�:3

<� ���,=*��1 .+� �	]a  +M� -, �1=� -c:�� �01�MD 

-� ���=1�� <P�:3 +� ��&�H� < 1  	H� > 1  91����

%�� .+S�  -,7 < 0  	H� < 11	�& A1 ��  <3�+4�

)¶, = 0.73 �1 ,̧ = 43Ì ( ����� -, ���� �:c	

%�� ��=1�� \]�C� +��+� �� . %.�P ��+�H� < 1  	 ¶ → 0�  �1�9B� ��H� �:3 J+��S ���=1�� <P

<�=*��1�  <�R	 -, <.�P ��¶ → ¶,  �1�9B�H�  +�*�

<� ���=1�� <P�:3 ���, -��:� . �1�9B�½  <P�:3 9�3

<� ���, �� ���=1��=�� . ��:� �� ���, 01�¶ → 0 -� %)�3 -, <�.�P¶ → ¶, %�� +5=1=� . -�).�

 -� ���, 01� F�9��H�  r���� <E��� 9�3 -U+�H� 

+5=1=� ���=1�� <P�:3 ���, �+�2�� . 0�*��� ��

 ��2B -, ���B�1��CRs  �8� q1+} 	CRs  ��

 +��+� �� �� <��N�*O� >�45 �F�=�� �� �&�:� ������

<� �1�9B� <23�+S J91�	+B=*�� . <��N�*O� >�45

 -, <�R	¶ → 0  ��:� &� +�2�� <�C¶ → ¶, 

<� .=���� �01� +� �	]a +M� -, =� 682MD  +M� +�

CRs ���� -)D� -�<� �� -, ��:N f:� \:N A1 ��3�:5

 ��:� ��+� -782�H� = 1 ��*, <B+[� .�K. ��+� �

 ��:�H� < 1  �1���U < U,  	U > U,  ��:� ��+� H� > 1 . -, <�R	U < U,  <T���*1� ?�+M�CRs  	

MD %�� -��2� ���=1�� <P�:3 +� . -, %�� q.�c

 �f:� \:N 01� ��=/�U,� -��� y�[� -� \�P �� ���

 %�� A1�93 ����� 9�3 J91�	+B]21[. 

 ?�+M� ����=1�� <P�:3 >n� %���MD  	CRs  +�

-� ��� =�� Y+3 ��&�7 < 0  	7 > 0  F��T1

�:� =��:83 . +S� -, �1=� -c:�� ��½ = 0  =���

                                                           

1 Clumps 

MD  	CRs  ��:� �� �� =�� Y+37 < 0  ~R:��

<�=**, .-��� �+E1� ?��)a <� F�=�� �%.�P 01� 	+�3

<� =�� Y+3 �1�9B� -� +�*��:� . -c:�� 0�*��� ��

 ���:� ��+� =�� Y+3 -, �1=�H� < 1  	H� > 1 

%�� ?	�^�� . -, <�.�P ��+� =�� Y+3H� < 1  	 7 < 0  &� <.	93 <[��5H�  -, <.�P �� r�:� =��:C

 +S�H� > 1  	7 < 0 �� ��:[z (��5% . +S� 7 > 0  &� <21�9B� <[��5 �\�P +� �� �=�� Y+3H� 

%�� . �1��+� (��5 ��+� 0T�� %.�P 	� +� �� -U+S�

 �6.�CCRs  <5��+P �,�+5 =�� Y+3 ~R:5 -� +�*�

<�<� F�=�� ?=� �V:a �� ��� ���+S =�� Y+3 	+�3

<� �1�9B� ��=�� .-�<� �q�5+5 01� �1+�E� -���3 ��3�:5

-,  +M�MD -� <E��� 6.�C �1��+� (��5 %�]a

)7  ( -, <.�P �� r����CRs <� F�=�� 	 �	+�3

-� �,�+5 =�� Y+3 +� <21�9B� 	 <2��, +M� �q�5+5

=3��� <5��+P . -[.�X� �� %�� 0T�� y:}:� 01�

-dR ���C����1 =��� ���. 

<� �� ��	
� 01� ��� _1��3 %1��3 ��-� F�:5 ��:N

�� -, <� ����� -�����:�3 -z]C ���*,:  

1( CRs �:�P �� �MD �,�+5 =� =�� Y+3 �

5��+P<� ~R:�� �� <*1� &� ���B r=**, -TK  

=��� -���� <��]a -U .�- ?�+M� ��	]a

 <T���*1�CRs -� �� �&�:� �8� q1+}
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*1� -z]C -, <P�:3 F' �� �-TCRs  �:�P
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2(  <T���*1� +M�MD  <T���*1� +M� +�CRs 
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 %.�PK �  ���=1�� <P�:3<� ���, ��=�� .

<� <��N�*O� ���C�� -, <P�:3 F' �� 	+�3

 ���=1���3 u1+N &� ���C�� >�T25 �=3���
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-dR ������C�� ���+�� &� <P�:3 01� �� ��
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)�1( 
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�� ⋅ �� = 1¬ + ±�H� 8%® ⋅ ��(%��⋅ '�( − ���%® ⋅ '�(− ]q������= 

)�3( 

 -,H� = �� + ����°  %��.>z�P +S� {+}
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)�5( 
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 ?b��[� +S� \�P4  	5 .��[� �� ���3 ��*, 019E1�c �

�1���: %¬ + ±�H�(�� ⋅ �� 
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− ]q������ 
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Ð = %¬ + H�±����( + ±����4v¬&� 
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:,+1.  ��, �=�TU :%���]17[-1�� uN�*� �� ���=1�� <P�:3 .-4^z �� ���K − K�Ä  :-, �=� V+B 	 %�� �=� ���� F�23» = 100, ] = 1, 5 = 5/3 5,- = 4/3 �:)3 �� ���=1�� -*��� �� �+�5 QC 	� 0�� -/X*� .CRs  �:�P �� ���=1�� <P�:3 :�U .%�� +��*��MD  F	=� 	CRs  ��:� ��+� K < 0  -4^z ��K − K�Ä %�� �=1�+S ���+5. 
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:,+2. =1�� <P�:3-1�� uN�*� �� ��� -4^z �� ���K − K�Ä  :-, �=� V+B 	 %�� �=� ���� F�23» = 100, Ô = 0.1, ] = 1, 5 = 5/3 5,- = 4/3 ��:� �� ���=1���3 -*��� �=*�� F�23 </B� �:4� 	 9�+R QC 0�� �:74� -/X*� -, =���� -���� -c:5 .K > 0 �:74� -/X*�) b�� -/X*� 	 �

C 0�� Q1�+� �� ���=1���3 -*��� �=*�� F�23 (</B� �:4� 	 �+�5 QK < 0 	½ = 0 <�=��� :%��� .¶ = 0.01  :�U¶ = 0.1. 
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:,+3. >T� -��2�2 :%��� .¶ = 0.01  :�U 	¶ = 0.1. 
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>T�4. >T� -��2�2 :%��� .¶ = 0.01  :�U 	¶ = 0.1 ��:� ��*5 -�).� .K > 0 .%�� �=� -�B+S +Z3 �� 
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:,+5.  ��:� ��+� �?b]�C� f:� �=a >��/� �� <5��+P �,�+5 =� =�� Y+3K < 0 -� 	:��&�  

] = 1   5 = 53   5,- = 43    Ô = 0.6    K�ÄK = − 12   K K³ = 0.01 
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:,+6.  ?b]�C� f:� �=a >��/� �� <5��+P �,�+5 =� =�� Y+3+��:� �� �K > 0  	-���&�: 

] = 1   5 = 53  5,- = 43   Ô = 0.6  K�ÄK = 12  K K³ = 0.01 

 

:,+7.  ?b]�C� f:� �=a >��/� �� <5��+P �,�+5 =� =�� Y+3+� ��:� ��K > 0 -� 	:��&�  

] = 1   5 = 53  5,- = 43   Ô = 0.6  K�ÄK = 12  K K³ = 0.01 

 

:,+8.  ?b]�C� f:� �=a >��/� �� <5��+P �,�+5 =� =�� Y+3 ��:� ��+�K > 0  	-�:��&�  

] = 1   5 = 53  5,- = 43   Ô = 0.6  K�ÄK = 12  K K³ = 0.01 
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