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Abstract 

In a series of papers, Frydryszak and Tkachuk (Czechoslovak Journal of Physics, 53 (2003) 1035-

1040; Foundations of Physics, 46 (2016) 1666-1679) introduced a one-parameter extension of the 

Heisenberg algebra with a deformation parameter   in a six-dimensional phase space. In this 

paper, after Lagrangian reformulation of Maxwell electrostatics from the viewpoint of the above 

one-parameter extension of the Heisenberg algebra in a six-dimensional phase space the 

electrostatic potential and the electric field of a point charge are calculated analytically in this 

generalized electrostatics (generalized Maxwell electrostatics). We show that in contrast with the 

conventional Maxwell electrostatics the electrostatic potential and the electric field of a point 

charge are not singular at the position of the point charge in this generalized electrostatics. We 

show that in the low-energy limit (large spatial distances), the results of this generalized 

electrostatics are compatible with the results of the conventional Maxwell electrostatics. 

 

Keywords: Phase space, Heisenberg algebra, Deformation, Maxwell electrostatics, Lagrangian 

formulation, Point charge

                                                           
Corresponding Author: s-moayedi@araku.ac.ir 



   ����� ��	
� ����� ��������	� ���12 ������4 � ����!1401                                                   52    

.%�� ��!& '()� *+� �� ,-�.� /0� *12 !�� 

 %34 ,-�.� /0� 5�674 8)��+ 9��0*+ !9��4,0 /��;�-� ;�<��� 

=�
�+ 

;1
�	


� 
,-�

.�
 ��������	
��  	����� �� ����� �� ���� �� ������ ������������

	
��  ! ��� 	�"� �� #$ %�&�'��( �&) �� 	����#�*  

+&� 
���#�*, 	
��� -����� 
��  

�	*> ?08�@� A9B �<C12�� ,0�� ��D12��E��� �� ;��� <+ �E���8349-8-38156 � �*0�  

 :%@�0��06/04/1400    :;M�N2 �0�*0	04/10/1401    :O*0P�17/11/1401 

10.22055/jrmbs.2023.18126 Doi link: 

�.�/
  
� !� ,B9��� ?0 �� RS�.(Czechoslovak Journal of Physics, 53 (2003) 1035-1040; Found. Phys, 46 (2016) 1666-1679)  E�10�<0*@

,��29>*>� *������ �� �*������ ?4 '��94 ?0 E9T�C4 ��*�� �<U� �� !�@ ��V@ ?0 �� W*(280�� ���<2���� *(X !� ��

0� �� .<2��� ,M���Y9�*@!�� ,� �� �,-�.� /0*Z2 �
2�*>S �<)�� �� !�@ ��V@ ?0 �� Y9�+�� ?�4���	*�C-�  *(X *Z)� !� �<U�

  �><)�092 /0� [�94 �<� ;@*U� ,�@�0 ���U4 W*(280��;�,� !� <U� .�0!��*�� =��2��� \�]� =C�  ��	& %�� 	 ;C�4���	*�C-

 ,����	 ;C0*�C-�  �<��,^.2 ��� ?0 ,�0� �� �� ��� /0� ?�4���	*�C-�) ,�@�0 ���U4 ?�4���	*�C-�4 Y9�+��,�@�0 ���U (  �12

;�R��(B /0� ��<.� ,+ ���� ��� /�@*> ��*]  �C� �� ��,^.2 ��0*Z2 abc*�� ,� ;��)�� �*0��.� Y9�+��;� %��  �12 .<)0&

;�,� d0��2 ;���4 ,+ ���� ?�4���	*�C-� ��*� �<�& %����U4 Y9�+�� ,�@�0 �*2� <e ���f =g�9@) /�0�� ���@;0�V  �� (W�8�

,� d0��2<)��� ��>!�� Y9�+�� ?�4���	*�C-� !� �<�& %��.  

0��
-��1��:  �!�@ ��V@Y9�*@ �Y9�+�� ?�4���	*�C-� ��29>*>� �W*(280�� *(X,^.2 ��� ��
2�*>S �<)���  

3�
4�  

   0*Z2 ?0 Y9�+�� ?���)0�	*�C-�� b+  �<�� ?��

0�� *� ,+ %��� -��U� ��NT�  Y�� �� ,+ ;����1864 

?08�@ [�94 ��b�� E�b+ 8��X ;0��2��0*�  ��

Y9�+��1 0*Z2 .%�� �<� ���N2 �)� <2<0�*> ,M���� 

 h�g94 ,� ���] Y9�+�� ?��b+ ?���)0�	*�C-�

*��>� �<0<� !� ;U��	 *�Z2 ;��i�)j�	*�C-� ���

[�3� �� �92 ��1�2��2 ��� k0*l  & �� ,+ /D��

;� ,�@*> *Z2 ��  �C� !� ;U��4 %�C� �9�]1[  8�2 	

 ��*(X9�  	�� �� ;��i�)j�	*�C-� m�9�� ��1�2�]2	3[ 

                                                           

920�<)� Y9n��:moayedi@araku.ac.ir-s  

 

                                       James Clerk Maxwell 1 

                                     Ultraviolet divergences 2  

;�0*Z2 ,T*>� .<����  �� Y9�+�� ?���)0�	*�C-�

 ��>!�� ;o�g94 ?��9C�	*+�� p��.� !�

��*��)+;� ,M��� ;��i�)j�	*�C-� ��� �� ��� <��

-�^� A�D)�U� �<0<� �� ;��i�)j�	*�C-� ���

p��.� R�*q� ,+ ?T9+ ����� ;-9i ���;�9�2&9+ 

;� �<�� %����0*Z2 <))+VU� ,� b�(� Y9�+�� �;4b 

;0�*>�	 �0�<�� *�Z2�o)��*@ ���2 ;� ��*>]4	5[ !� .

0*Z2 *� *D0� ���	 R���*0� ,�X�  ,+ %��  & Y9�+��

 ��� ?0 ,� ,����	 ;C0*�C-�  �<��,^.2 ��q   �C� ��

 ��� /�@*> ��*];)U0 �%�� /�C4:  



   53         �������	 
��	
�����            ...���� �	 ������ ������������        ��� �� �
�!�� "����� ��� � #�$ 

  0

2

0

.
4

xq x
E x

xx
 
�

�� �
��           1 

���9c Y9�+�� ?���)0�	*�C-� �� /�)r-�f*2�1 

?0 ,� ,����	 ?��b+ ,^.2 ��� ;��)���2 ���<.� ��

,�;� %��<0&:  
2

20
0

.
8

d xq
U

x


 

�

�                         2 

U� /0� �9X	�� Y�� �� ,+ <0�*> sB�� RS1934 

?08�@ ��b�� �9� �+�� ;2��-&  ��2  �� ��*��

<o)0� <-9�9n- O������3 �0*Z2 !� ;^c*�t ;���U4 

��<.�  & �� ,+ <))+ ,M��� Y9�+�� ?���)0�	*�C-� �9c-

,^.2 ������ ��*� ?��b+ �f*2�0*Z2 abc*� ��� 

��<.� Y9�+��,� ;��)�� �;� %�� <�&]6	7[Y�� �� . 

1940 ?08�@ ��b��u�� ��0*@ ;2��-&  ��4  Y�� 	� 	

 Y�� �� <U�1942 ;C�-	�9� �0�9� ��b��5 

?08�@p	�  ��,�X  �	8@� �� �C0*�& /+�� ��(4 ��

(4*� \�1� =���� ,2����  �<�� A	� ��A  �
2�*>S ,�

 Y9�+��0*Z2 ?0 ,��  R�.�1� �� ;^c ?���)0�	*�C-�

(4*�� <)2��� ,0*Z2 /0� �� ,+ <)�@�0 %�� *4S�� 0*Z2� 

 �9� ;^c*�t ?���)0�	*�C-�-�9c ��<.� <o)0�-

 ?��b+ �f*2�,^.2 ��� ?0,� ;��)�� ���<.� �� %��

;� <�&]8	9[ Y�� �� .1950 �0�� A���*�& ��b��6 

?()-	� m�9X �� ��*��7 2;� ,+ <2���  �1 ��  �94

<2*�>*��� Rb�X  �	8@��   �<�� *4S�� k4�*� R�.�1�

h�g94 �
2�*>S ,�<))+ <)2��� ;C08�@ Y<� ?0 �

2& 'X�*� �� ;C�-	�9� 	 u�� [�94 ,r]8	9[  A��2�

0*Z2 ?0 ,� <0�*>�   �<��;�9�2&9+  ;D)�C4 !� ���B

 %@�0 %��]10[Ob4 ��  ��8�� .�@*> R�9g ��� ,

                                                           
1Self-energy 
2Max Born 
3 Leopold Infeld 
4Fritz Bopp 
5Boris Podolsky 
6 Abraham Pais 

?08�@ [�94%�� �*Z2  �2��0*Z2 ��+�<2��   �<��

,�%�� �9Z)�,� ;��00*Z2 ?0�   �<��;�9�2&9+  <]�@

 Y�� �� �;D)�C41947 ?08�@ ?0 ��b��  ��

�<0�)�� A�2 ,� ;0�C0*�&8 Y9�*@!�� �� �4 <��9+ �<)�

0*Z2�   �<��;�9�2&9+ �V@ ?0 ��- �� �<U� ��NT  ��!

 p��.� ?0 �9X	 v*@�V@ ���c�� �� /0���)� Y9i-

;D)�C4 aPe  �C��  ��!,� ��� =g�9@ �� �<�& �9X	

;0�V@ 0*Z2 �� ?T9+ ������  ;��*� ��9� ��  �<��

<�� ��*]]11[. Y9�*@!�� �!	*�� ?�2�C� �<)�;�9�2&9+ 

0*Z2 	� *�  �<�� ,��X [��	� p��� ,�@�0 ���U4 ;0�X

=�B  ���,� ,2�C4	  �C� ���*>R�9g ��*��> �� ��

?08�@ ,X94  92�+,�@*> ��*] �*Z2  �2�� <2�]12-19[ .

,��X [��	� /0� !� ;VU� ��  ��� ,�@�0 ���U4 ;0�X

=�B Y9i p��.� ?0 �9X	 ,2�C4	  �C� ���*>

�!�<2� �� /0���)��!�� �*�> ���;0�V@ ��� ;)��

;���� /0� ,+ ��*>Y<� kt� �� ;)�� �2�*> ���

;�9�2&9+ (4*� !� ����)� Y9i p��.� ?0 �9X	 ,+� 

�?2b� Y9i ;>�8�  ;)U035
1.6 10

3

G
mP

c


  
ℏ

ℓ 

 & ����� ��;� ;09>.%�� ��>!�� ��*>  'X*� ��

]20[ ����  �12  �><)�092 <2�O*� ,+ ��� 	 w*�	*@

�o)��*@9 ;� <)2�94��D��� �*��4*� �29>*>� !� ���

 ;29�����<))+ h�g94�  ?0 ;C08�@ Y<� �	� *�

,)��c �����*1@ ,�@����10 ,� .<)0& �9X	2& ,� �)� ,r

 <� ,�o>O*� ���0*Z2 �� �9X9� ;U�(i�  �2�*>

;�9�2&9+ ;� ��  �94 �*��4*� x�9c !� ;��2

 (?0f9-9�94),)��c ���,�@���� �� *� ,0*Z2 ,+ %�2��

,)��c  & �	� �� %�� �<� h0*U4]20[ .)0� �� �� ��

7 George Uhlenbeck 
8H.S. Snyder 
9IR and UV cutoffs 
10Compact symplectic manifolds 



   ����� ��	
� ����� ��������	� ���12����� �4 � ����!1401                                                 54   

 

2�9c<)� ,]bB <)�U-�^� ��*� ���  /0� !� ;i9�(� y*�

�<0<� s3(�  9��*�� ;�<)� ��><0� �2�*> �� ;��)�

;�9�2&9+ 'X*� ,� ]20[ ;� z�X�� .����  �<.@ ��

0*Z2 ?0 �9X	�  �2�*> ��*� =��+;�9�2&9+  �9X	

O*� /0� ���;� ;U�(i <)2�94,�^��� ?0 R�9g�  A<B

  ��� ,�@�0 ���U4 %�U^]2�C4 ��  �C��  �0 	 ���

,� R�9g �29>*>� ?0 ?0 �	� *� W*(280�� *(X !�

 !�@ ��V@;�9�2&9+  <))+ �<�� �9�2]21[. ;� ��Z�2� �	�

O*� /�)T �9X	 ,+ ;U�(i ����0*Z2 ��  �2�*>

;�9�2&9+ 2�9��)*� ,� *�)� <<e �0  �*+ a*i =]�

;0�*>�	 !� ;17� =0<U4 ,0*Z2 /0� �� �9X9� ���

� <29]19-21[. RS�.� !� ,B9��� ?0 ��� 

E�10�<0*@1 ,� ��*��E9T�C42 ?0 '��943  ?4

 *(X !� �*������ ���<2����W*(280��  !�@ ��V@ ?0 ��

;�9�2&9+ �� 	 ��*+ ,M��� �<U�  ,� �{�

Y9�*@!�� ?�2�C� �<)�;�9�2&9+  *(X /0� *Z)� !�

 ,�@�0 ���U4 W*(280�� <)�c��*�]17	18[0� �� . ,-�.� /

0*Z2 /�@*> *Z2 �� �� ���  Y9�+�� ?�4���	*�C-�

,�0*Z2 ?0 R�9g�  �<��  |9T��T ���
2�*>S ,� �

Y9�*@!��0*Z2 �<)��  ?0 �� Y9�+�� ?�4���	*�C-�

 ��V@ �<U� ,� ;4��+� *(X |9T��T �� W*(280��

 ,�@�0 ���U4;�;�  �12 .�0!��*�-��U� ,+ ����� 

 9��9�4  ?0 ,� ,����	 ������ !� ���0� �<)�*C��

 ?�4���	*�C-� !� ,�@�0 ���U4 Y<� /0� �� ;C0*�C-�

-��U� ?0 Y9�+���  ;M8X R�.�1� �� ;^c =��2�*o0�

�! �*(4� ;�;� %0�N2���� �� .<����  =��2��� \�]� =C�

,^.2 ��� ?0 ,� ,����	 ;C�4���	*�C-� ��q <(� �� ,+} 

 ��D��� ;4��+� R�6�7� *Z)� !� ���� ��*] �<U� ,�

 *(X���U4 W*(280�� ,�@�0,� ����  �12 	 �<�& %��

;� ���U4 ;C�4���	*�C-� =��2��� /0� ��<.� ,+ �9�

                                                           
1Frydryszak 
2Tkachuk 

 ��� /�@*> ��*]  �C� �� ,�@�0 0x 
�  abc*�

0*Z2� ;� Y9�+�� ��9(2 %0�N2 ;��)�� ���<.� ����� 	

� .%�� ,�@�0 ���U4 ;C�4���	*�C-� =��2��� !� ���o��� �

,^.2 ��� ?0 ,� ~9�*�<(� �� ']�	 ��}  ��D���

 �<U� ,� ;4��+� R�6�7���� =C��  ;C0*�C-�  �<��

,^.2 ��� ?0 ,� ,����	 ��q <(� ��}  *(X *Z)� !�

 ,�@�0 ���U4 W*(280��,� ,(��3� ;�34 R�9g

;��@�0 ���U4 ;C0*�C-�  �<�� .��*>�  ��� ,� ~9�*�

,^.2,^.2 ��� ,� ,����	 ;C0*�C-�  �<�� <)2��� �� �� ��

 /0� �� �%�� �	*+  ��.4 ����� Y9�+�� ?�4���	*�C-�

 ~�.2 �� ,�@�0 ���U4 ;C0*�C-�  �<�� ��<.� ,+ R	�o4

,^.2 ��� ,� ?0�82 ����� �� 0x 
� *� abc

0*Z2�  ���<.� ����� 	 ,���� �Z)� ����@� Y9�+��

,���2 �7� �� .%�� ;��)��  �12 ,-�.� /0� �*�>

;�,� [��	� ;���4 ,+ ���� ��*� �<�& %��

 *(X |9T��T �� Y9�+�� ?�4���	*�C-� W*(280��

 ,�@�0 ���U4�f*2� �0f� �� �� *��)�� ,+ /�0�� ���

 =g�9@;0�V@ �2 ,� <)��� W�8� ,� ~9�*� d0�

;� =0<(4 ;-9�U� Y9�+�� ?�4���	*�C-�.<29�  /0�

<2*�>*��� ,-�.�� ;� | 	 h-� %�9�� 	�.<���  ��

5�� 6���* �0�.� ,� ���  �� �<� A��2� �����+  ���

 ,-�.� /0� 'X*� �� ,�@*> R�9g �����+ ��]12[ 

 .%c��*� ����9c 6���*7 M��� ,��  �<)� Y9�*@ ?0

 !� ���9��*Z20�  	 ,2�C4 O*� ?0 �9Ve �� Y9�+��

,2����  ��.4 ;��*� �� ,0*Z2 /0��V@ ?0 ��-  ��!

<U� ��NT.%��� <��9c x�6�c� �  

  

  

3Extension 
4Poisson 



   55         �������	 
��	
�����            ...���� �	 ������ ������������        � ���� �
�!�� "����� ��� � #�$ 

 �� #$ %�&�'��( �&) 	����#�* �� �����

 ��� 	�"�+����8�� 	
��  !  

    *>� 1 2 3, ,ix x x x ��,o-=�B ���  �C� *>

 	 1 2 3, ,ip p p p ��,o-=�B ��� �� ,2�C4 *>

 !�@ ��V@ ?0;�9�2&9+  �<U� �� a��U�� <)���

%��� ����9c:  

, 0,i jx x                                             3 

, 0,i jp p                                               4 

 , , , 1, 2,3 .i j ijx p i i j      ℏ        5 

 [��	�3  �45 <))+ h0*U4� ��V@ ?0 �� W*(280�� *(X 

;4��+� ;� (�<U� �� !�@ ��V@) �<U� ,� �� .<)���

RS�.� !� ,B9��� ?0� ,� E�10�<0*@ E9T�C4 ��*��

 ?0 �� W*(280�� *(X !� �*������ ?4 '��94 ?0

 !�@ ��V@;�9�2&9+  ,M��� �<�  9>*>� �<U� ��

 <2�*+]17	18.[ �/0 0�� *(X ,+ �<�  9>*>� W*(28

 *(X ��  & �� ,�@�0 ���U4 W*(280��;� [�94 ����2

,��X [��	��@�0 ���U4 ;0�X� ;� ;@*U� *0! <2�*>

]18[:  

, 0,i jX X                                           6 

, 0,i jP P                                            7 

 2, 1 ,i j ij i jX P i P          ℏ 8 

 , 1,2,3 ,i j   

 ,+ 1 2 3
, ,

i
X X X X  	 1 2 3

, ,
i

P P P P 

,�� k�4*4�,o-=�B ��� !�@ ��V@ �� ,2�C4 	  �C� *>

;�9�2&9+  	 ��9� �<�  9>*>� �<U� ��

 
3

2

1

i

i

P P


  9i�� �V@ /0� �� ,2�C4 ���*� Y .%

�� /�)r   9��2��0� �� ;o)��2 %��q *������ ?0

  2
momentum

  %��]18[ 'X*� �� .]18[ 

                                                           

                                              Momentum cutoff 1  

=�B ,+ %�� ����  �12 E9T�C4  �C� ���*>iX  	

2�C4� iP  *(X ��,�@�0 ���U4 W*(280��)U0 � [��	� ;

,��X ;0�X6  �48  ;.�]� ;4�6�7� �0��2 �����

,�;� *0! R�9g<)���  

,i iX x                                              9 

 
2

1
, 1, 2,3 ,

1

i iP p i
p

  


     10 

 ,+ 
3

2

1

i

i

p p


   !�@ ��V@ �� ,2�C4 ���*� Y9i

 ;-9�U� ,i ix p   �9� ;.�.e ��*� .%��iP  ��

^����10 <��� ��*]*� *0! ~*� �4 %�� A!S:  

1
.p


                                              11 

 

,� �)�^����10   ��� ~�(4��P  �� ,2�C4 ���*� Y9i)

 �� (�<�  9>*>� !�@ ��V@p  �� ,2�C4 ���*� Y9i)

,� (�<�  9>*>� *�t !�@ ��V@%�� *0! =C�:  

2

1
.

1
P p

p



                                  12 

^����12 ,�;�  �12 y9l	!�� ,+ <��� 
1

0,


 


 
 

 ��*�p !�� �� *��)���  0,  ��*�P ;� .<���

 *(X �� /0�*��)� ,�@�0 ���U4 W*(280��p  ��<.� �����

,)�1���� *��*� ��:  

max

1
,p


                                           13 

 .%���^���13 ,�,2�C4 O*� ?0 �9X	 ��)U�1  �	� *�

p  !�@ ��V@ �� ,2�C4 ���*� Y9i ,i ix p  .%��

^����10 ;�  �12 *(X �� <�� ,�@�0 ���U4 W*(280��

,671� Y9i p��.� ?02 ,�R�9g:  

 
0

: ,x   ℏ                                     14 

 

                                 Characteristic length scale 2  



   ����� ��	
� ����� ��������	� ���12����� �4 � ����!1401                                                 56   

 

 <e �� ,+ ���� �9X	 
0

0x   *(X W*(280��

 ,�@�0 ���U4 [��	�) W*(280�� ���<2���� *(X ,�3  �45 (

(4;� =0<,� �)� .�9�[��	�9	10  A�D)� ��

!��Y9�*@0*Z2 ?0 �<)��  �<�� *Z)� !�  *(X W*(280��

,�@�0 ���U4 4 %�� A!S=�B � \�1� 	  �C� ���*>

 ;)U0 ����<2���� ,i

ix   �� *0! =�U-��9��� \(i *�

=�B�@�0 ���U4 \�1� 	  �C� ���*>�  ,i

iX D 

<29� /08D0�X:  

,i i ix X x                                      15 

 
 

2 2

0

1
: ,

1

1, 2,3 ,

i i iD

x

i

   
  

 

               16 

 ,+
3

2

1

i i

i 

    =�B ��V@ �� pb�S *>

;4��+�  ��� .%�� �<U� ,�;� �<��1� ,+ ,29> �9�

 <e �� 
0

0x  �@�0 ���U4 \�1�� iD  ��

^����16  ;-9�U� \�1� ,�i � =0<(4;.�9�  

�������� #$ ������ ������������ 	
��

9:. �� #�";<  �&) �=�� �� +)#�>

3���� ?�9�� %�&�'��(  

   Y9�*@ �7� /0� �� ?�4���	*�C-� �
2�*>S �<)�

�1T ?0 �9Ve �� Y9�+���  ?0 �� �� ;X��c

 ��V@;4��+�  *(X ��><0� !� �<U� ,� ���U4 W*(280��

 ,�@�0� ��*] ,U-�^� ��9�; ��*� �
2�*>S ;-�DT .����

 ;C�4���	*�C-� =��2��� x
�

 �1T �9Ve ��� 

 ;X��c x
�

  ��V@ ?0 ��;4��+�  �<U� ,�

,� %�� *0! R�9g]12[:  

     0

1
, .

2
i i i         L                  17 

 

-��U�� *0	�-=��2��� ,� ,����	 
2�*>S  ;C�4���	*�C-�

 x
�

 ,�%�� *0! =C�:  

 
0.j

j
 

    
    

L L
                     18 

�
2�*>S ;-�DT *>�17 ^��� �� ���18 -��U� ���� ��*]� 

 ;C�4���	*�C-� =��2��� ��*� *0!  �<�� x
�

 

,�;� %��<0&:  

   2

0

.
x

x





  
�

�
                            19 

 

-��U��19 -��U�  ����  ?�4���	*�C-� ��  9��9�

;� Y9�+��-��U� .<����  9��9�19 -��U� 	� ���  *0!

��%�� !��:  

   
0

. ,
x

E x



 
�

� �
                                20 

 

  0,E x 
� �                                        21 

 

 ,+   E x x 
� � �  .%�� ;C�4���	*�C-�  �<��

,� ;4�6�7� =0<(4 *q� %34^��� =C��15  =��2���

 ;C�4���	*�C-� x
�

  ;C0*�C-� ��� ;-�DT 	

 x
�

 ,�;� �<�� =0<(4 *0! R�9g<))+:  

      ,x X x   
�� �

                    22 

     .x X x   
�� �

                   23 

,� ,X94 ��[��	�16 �17 �22  	23 S ;-�DT> �
2�*

 *(X |9T��T �� Y9�+�� ?�4���	*�C-� ,� ,����	

,�@�0 ���U4 W*(280��  [��	�)6  �48 (,� �� *0! =C�

;�<0&:  



   57         �������	 
��	
�����            ...���� �	 ������ ������������        � ���� �
�!�� "����� ��� � #�$ 

           

 
 

 
 

   
0 0

1
,

0
2

1 1 1

0 2 22 22
1 1

.

D D X D X X X
i i i

x x
i i

x x

x x

 

  

 

      

  

   



  
  
       

� � � �

� �

� �

L

24  

;� ,(��3� ;+<2� ��^��� ,+ ���  �12  �94�24  ��

;�%�92 /�)T  �94:  

  

    
    

  

0

0

0

2 2

1

02

1 2

0
2

1 4

02

1 6
,

0
2

i i

ordinary Maxwell electrostatics

i j i j

i i

O
j j

x

x

x

   

  

  



   

    

    

   







���������
L

      25 

 

,+  

     

         2 2

2

:

3 4

4

.

0

0

j i i j

i j i i j i

x

x

 

   

     

         



   

26   

 ���^��� ,+ ,29>�25 ;�  �12 ?�4���	*�C-� <��

Y9�*@!�� Y9�+�� *(X *Z)� !� �<� �<)� W*(280��

���U4,�@�0 0*Z2 ?0� �� ��  �<(4*� !� \�1�� ;� %0�N2

%�� �e�2 �� ,+� �f*2� /�0�� ���  0
0x  

0*Z2  ���� ;-9�U� Y9�+�� ?�4���	*�C-�  ?0 ��

 ��V@;4��+� ,� ;� <�-94 !�� �� �<U� �9� !� .<)+

�X *D0�� 
0

1

2
j j   �� ^����25 �X ?0� \�1� 

=��+1  ��9�4 	�%+*e RS��U� �� �*�q /0� !� ���<2 

S ;-�DT 	�>^��� �� �<� ;@*U� �
2�*�25 ;� ��  �94

,� =C��� *q�*+ ;�092!�� *0!:  

                                                           
1Total derivative 
2Moeller 

        

       

1 1 2

0 0 0
2 2

1 4 62 2
.0 0 0

2

xi i i j i j

x O xi i

     

   

        

        

L

27  

-��U�  9)+�� �
2�*>S ;-�DT ,� ,����	 %+*e27  ��

,�;� %��'X*� �� .�0�	& ]22[ *-9�2 w�(�M	! 	3 

����  �12,+ <2� <))+ h�g94 �
2�*>S ;-�DT *>�� 

  �<��  =C� ����� ;+<��� *0!:  

 
1 1 2 1 2 3

, , , , ... ,i i i i i i         L L    28 

-��U�� *0	�- 
2�*>S  �<�� ,� ,����	  <��9c /�)T

<�:  

 

...

1 1 2
1 1 2

1 ... 0,
...

1 2 ...
1 2

i i i
i i i

k

i i i
k i i i

k

  



  
  

  


   



   
   
   
   

 
 
 
 

L L L

L

         29 

,+  

1 2 1 2
... : ... ,

k ki i i i i i                           30 

1 2 1 2

1 2

1 2

...
... .

...

k k

k

k

i i i j j j

i i i

j j j


  







                    31 

 

�
2�*>S ;-�DT27  h0*U4 !� ���o��� ��30 ,� *0! =C�

%�� ;�092!�� =��]:  

32

 

    

2

0 0 0

4 6

0 0 0

1 1

2 2

1
.

2

i i i j i j

i j j i k k

x

x x

     

   

   

   

L

�
2�*>S ;-�DT *>�32 -��U� �� ���29  ���� ��*]

-��U�� �U� ?0 ,+ *0!  �<��-�� (4*� !� \�1� ��  9��9�� 

3Zwiebach 



   ����� ��	
� ����� ��������	� ���12����� �4 � ����!1401                                                 58   

 

;�;� =g�e %�� %0�N2��*>:

            

 
.

2 4 62 2 2 2 2 2

0 0 0

( an )

0

x x x x x O x

high energy short dist ce corrections

x

  





           

 

 

� � �

�

�������������������

33  

    <e �� 
0

0x  -��U��33 ,�-��U�  ���� 

 ����<2���� Y9�+�� ?�4���	*�C-� ��  9��9� ��)�&

-��U� ;)U0�19 ;� =0<(4-��U� .�9��33 ;� ��  �94

,��092!�� *0! =C��*+ ;:  

       

 

2
2 22 2 2

0 0

0

1 ...

.

x x x

x







          

 

�

�
34 

B�-��U� �T %�� �� ,�	*+ =c�� R��(34 ,� R��(B

  2 2

0

1

1 x  
 /0� !� ��9� �*D�� ��� =C� 	�� 

-��U�� (4*� !� \�1� ��  9��9�� ;�;� �� %0�N2  �94

%�92 /�)T:  

 
   2

2 2
0

0

.
1

x
x

x







 
  

�
�

            35 

 

�$��� @�A$ B;< &��� �� @�:� �� -����*< 

+�3C4� #�� �� 	��� 6��D������ 	�  

   ,^.2 ��� ?0 ,� ,����	 ;C0*�C-� ��� ;-�DT ��q 

<(� ��}  �<U� ,� ;4��+� R�6�7� ��D���,� *0! =C�

%��:  

       
   

1 2 3

3
.

x q x x x

q x

   







�

�            36 

 

-��U�� *� !� \�1� ��  9��9�(4� ;� %0�N235  ��*�

^��� �� �<� ;@*U� ;C0*�C-� ��� ;-�DT�36 ,� =C�

%�� *0!:  

 
     

2
3

2 2
0

0

.
1

q
x x

x
 




 
  

� �
     37 

 

-��U� =e ��*��37  �*N� ,0�9@ =0<(4 O	� !�

;� �� �<U� ,� ��V@ �� E�*0� ���-� '��4 .��09X

2�C4 O*� �9Ve�13 ,� ;-�*D�2� �0��2 ����� R�9g

%�� *0!:  

   
   

0

3 3 .
13

1
.

2

ik x

k
x

x d k e
 



 
� ��

     38 

 

,� A!S,� ,X94 �� ,+ %�� *+P4^����  ,2�C4 ���*�  ���

p
�  m9� ���*� 	k

�
  !�@ ��V@ �� ,i ix p ;)U0 �

^���� p k
��
ℏ  ~*�13  �	����2 ,�

 
0

1
k

x




 
23

1

i
k k

i
 



 
  
 

 ;� *�)�.�9�  

�� ;C�4���	*�C-� =��2��� /�)r x
�

 -��U� ���37 

,0�9@ �0��2 �����,� ��%�� *0! =C�:  

 
 

 
 

0

3 .
13

1
.

2

ik x

k
x

x d k e G k
 



 
� � ��     39 

 

=�B *q� *>
 

2

2 2

0
1 x



  
  =��2��� �	� *�

*�C-� ;C�4���	 x
�

 -��U� ���39 ,�%�� *0! =C�:  

 
 

   
 

 
0

0

0

2

2 2
1

2
1 3 .1 .

3 2 2
12 x

x

k ik x
d k e G kk

k

x

x



 




 

  






�

� � �

40  

,� ,X94 �� [��	�37 �38  	40  '��4 =C� G k
�

  ��

-��U��39 <� <��9c:  



   59         �������	 
��	
�����            ...���� �	 ������ ������������        � ���� �
�!�� "����� ��� � #�$ 

    2

2 0
0

1
.

q
G k x

k
    
 

�
                41 

^���  ��� ��*] !� ���41 ^��� ���39 %��� ����9c:  

 
 

 
 

0

3

0

23 .
1 2 0

1

2

1
.ik x

k
x

q
x

d k x e
k


 






   
 

� �

�

  42 

,� ,X94 ��=C�1  =��2��� ;C�4���	*�C-� x
�

  ��

^����42 ;� ��%�92 /�)T  �94:  

  
B�!1 .�	*+ ;(^] R�6�7�  , ,k   (��3� ��*��  Y�*D�2�42.  

  

 
 

   
0

2

3 0
0

1
2 2

00

cos

0

1

2

1

sin .

x

i k r

q
x d

x k dk

e d



 

 
 

 





 







�

           43 

 

,� A!S^��� /��92 �� ,+ %�� *+P4�43 ��*+ v*@ �0�

 �C� ���*� ,+ x
�

  x r
�

  �93� ������ ��3
k 

;� �<���%�92  �94:  
 

    

 
 

 
 

 

0 0
0

0 0

0 0 0

1 1
sin 2 sin

2 0 02
0

2
cos sin ,

2 22
0

x x
x

x x

x x x

x

q kr dk k kr dk
kr

q r r rSi
rr r



 

 

 
 

   
 
 

 
                           



 

  

�

44  

                                                           
1 Sine integral 

 ,+ 
0

sinx u
Si x du

u
  )�� Y�*D�2�;�91  %��

]23[^��� .�44  ;C�4���	*�C-� =��2��� ;�34 =C�

,^.2 ��� ?0 ,� ~9�*� ��V@ �� ���0� ��;4��+�  ,�

 *(X *Z)� !� �<U�9� ,�@�0 ���U4 W*(280��  �+��+ 	 ��

 =��2��� ���@� ;��*� ,�  9)+� .%�� �	*+  ��.4 �����

,^.2 ��� ?0 ,� ~9�*� ;C�4���	*�C-� �� ���0� ��

V@ ��;4��+�  *(X *Z)� !� �<U� ,� ���U4 W*(280��

 ,�@�0,� ��!� 
0

0x  N�e�2)� �f*2� (/�0�� ���

;� ;�9)�� Y�*D�2� ;(2��� ���@� ,� ,X94 �� .�0!��*�

 Si x ,� *0��.� ��!�1x ≫ ^��� ;)U0 �� ]32[  

  3 5

2 4

sin 1 3! 5!
...

2

cos 2! 4!
1 ... ,

x
Si x

x x x x

x

x x x

      
 

     
 

∼

   45 

^����44 ;� ��%�92 /�)T  �94:  

 

 

 

   

 

 

 
 

 
 

 
 

2
2 0

sin cos

0 00
... 1 ...

2

0 0

2

0 0
cos sin

2

0 0

2

4 0
1 sin ...

2
4 0 0

.

4 0

q
x

r

r r

x xx

rr r

x x

x xr r

r x r x

xq r

r r x

q

r


 



 





 
   

 

 
 

 


  



    
            

                 

   
         

  
      

�

∼

46  

^����46 ,�;�  �12 y9l	 <e �� ,+ <��

 
0

0x   ?�4���	*�C-� !� =g�e d0��2 Y9�+��

,�@�0 ���U4  ���<2���� ?�4���	*�C-� !� =g�e d0��2 ,�

;� =0<(4 Y9�+�� .<29�*D0� �9� !� ;� ,+ ��2��



   ����� ��	
� ����� ��������	� ���12����� �4 � ����!1401                                                 60   

 

,^.2 ��� ?0 ,� ,����	 ;C�4���	*�C-� =��2��� ��q 

,^.2 ��� /�@*> ��*]  �C� �� ��

 1 2 3 0x x x   0*Z2 ���  *��*� Y9�+��

;�;)U0 �%�� %0�N2:  

 
0 0

0

lim lim .
4r r

q
x

r


 
 

�
               47 

<��� �!�X� Y�e  =��2��� ���@� ;��*� ,� �4

,^.2 ��� ?0 ,� ,����	 ;C�4���	*�C-� ����0� ��q  ��

 *(X *Z)� !� ��� /�@*> ��*]  �C� ,�@�0 ���U4 W*(280��

^��� !� �4 %�� A!S �9Z)� /0� ��*� .�0!��*{��  *0!

 ��)+ ���o���]23[:  

 
3

..., 1.
18

x
Si x x x   ≪      48 

,� �)�^����48  '��4 x
�

 ^��� ���44  *0��.� ��*�

0x r 
�

 ,� ����@�%��� <��9c *0! =C�:

 
   

 
   

 
     

   

3

32

0 0 0

2 4

0

2 4

0 0

2
3 5

0

3 52

0 0 0

2

22

0 0 0

1
...

2 18

1 1
1 ...

2 24

1 1
...

6 120

1
1 ... .

3 30

q r r
x

r x x

x r r

r x x

x r r r

r x x x

q r

x x


 

 


   

 

 
    
   

 
   

    

 
   

   

�

49  

,� ,X94 ��^����49 ;�%�92  �94: 

 

   

 

2

220
0 0 0

2

0 0

0,0,0

1
lim 1 ...

3 30

.
3

r

q r

x x

q

x



 

 





 
  

   




50  

 ���;� �<0� ,+ ,29>��2��� ��<.� �9� =

,^.2 ��� ?0 ,� ,����	 ;C�4���	*�C-� ��q   �C� ��

,^.2 ��� /�@*> ��*] ?�4���	*�C-� �� �� ���U4 Y9�+��

,�@�0  ;��)�� ���<.� Y9�+�� ?�4���	*�C-� abc*�

,�;� %��&�671� Y9i p��.� �9X	 ']�	 �� .<0 

 
0

x ;� !� '2��,^.2 ��� =��2���  <� %0�N2 ��

q  =g�9@ ��;0�V@ ,^.2 ��� ,� ?0�82 ����� ��q 

;�.��*>  

&��F�<  3� 3����� +������� -�
�� @�A$ B�!

3C4� #�� �� 	� ������������ #$ �����

3���� ?�9�� ������  

   ��,o-�C-�  �<�� ��� �<U� �� !�@ ��V@ �� ;C0*

 ,i ix p  [�94 ;C�4���	*�C-� �<)�*C�� ?0 ��*�

^���� ,� *0!;� %��<)0&:  

   .E x x 
� � �

                              51 

,� A!S�)�1�� ��<.� ,+ %�� *+P4  �� ,2�C4 ���*� Y9i

 �<U� �� !�@ ��V@ ,i ix p ^��� ,� �)��13  *��*�

max

1
p


 .%��  [��	� !� ���o��� ��  9)+�44  	

51  ?0 ,� ,����	 ����0� ;C0*�C-�  �<�� �0*g =C�

,^.2 ��� ��q  *(X *Z)� !� ,�@�0 ���U4 W*(280�� ��

 ��V@ ?0 ��;4��+� ;� ,(��3� �<U� ,�+�0��� ���):  

   

 

 
 

 
 

 

 

ˆ

ˆ
2

2 00

2

0 0cos sin
2

0 0

ˆ
2 2

2 00

3 ,
1

0

x
E x er

r

d q r
e Sir

dr xr

x xr r

r x xr

q r
e Sir

xr

r
j

x



 

 


 



  


 


 

 




  
     

   
         

  
     

 
   

�
� �

52  



   61         �������	 
��	
�����            ...���� �	 ������ ������������        � ���� �
�!�� "����� ��� � #�$ 

 ,+r̂e  	 ��9� ;B�U� <e�	 ���*�

 1 2

sin cosx x
j x

x x
   %�� =�� �	*+ '��4

]32[. ,�  9)+�� ;C0*�C-�  �<�� ���@� ;��* E x
� �

 

�� ��^��52 ,��!� � 
0

0x  �; ��*� .�0!��*�

 Y�*D�2� ;(2��� =C� !� �4 %�� A!S �9Z)� /0�

^��� �� ;�9)���45 %��� ����9c ���)+ ���o���:  

 

 

 

   

 

 
 

 

 

 

2 2

0

0 00

0 0

0 0

2

00

2

0

ˆ
2

sin cos

...
2

sin cos

1 ... 3

ˆ
4

4
1

r

r

q
E x e

r

r r

x xx

rr r

x x

r r

x x

rr

xx

q
e

r

 









    
                                  

    
                 

    
             






� �

 
 

 
 

0 0

0 0

2

0

cos 2 sin ...

ˆ .
4

r

x xr r

r x r x

q
e

r

     
                 

∼

53  

^����53 ;�  �12 <e �� ,+ <�� 
0

0x    �<��

,^.2 ��� ?0 ,� ,����	 ;C0*�C-� ��q  !�@ ��V@ ��

 �<U� �� ,i ix p ,� ��!�

 max

0

1
p

x
  


ℏ

  ;C0*�C-�  �<�� ,�

,^.2 ��� ?0 ,� ,����	 ��q 0*Z2 ���  ���<2����

 ;)U0 �Y9�+��  2

0

ˆ
4

r

q
E x e

r


� �
  =0<(4

;��C-�  �<�� ���@� ;��*� ,� ?)0� .�9� ,����	 ;C0*

,^.2 ��� ?0 ,� ��q  ��� /�@*> ��*]  �C� ��

 0x r 
�  �<U� �� !�@ ��V@ ��

 ,i ix p  *(X *Z)� !� ,�@�0 ���U4 W*(280��

;�[��	� !� �4 %�� A!S �9Z)� /0� ��*� .�0!��*�48  	

52 ���)+ ���o��� %��� ����9c:  

 

       

 

0 0 0 0

0

ˆ
2 2

2
0

3 3
1 1 1

... 3 ...
18 3 30

ˆ .
32

45
0

q
E x er

r

r r r r

q
e rr

x x x x

x

 

 



    

                         



� �

∼

54  

,� �)�^����54 ,^.2 ��� ,� ?0�82 ����� ~�.2 �� ��q �

 ;)U00r  0*Z2 �� ;C0*�C-�  �<���  Y9�+��

,�@�0 ���U4 0*Z2 abc*��  ,���� �Z)� ����@� Y9�+��

.%�� ;��)�� ���<.� ����� 	  

3G��� � HF�	���  

   !�� ,+ �0���  �12 ,-�.� /0� ��Y9�*@0*Z2 �<)�� 

 ?4 '��94 ?0 p���*� Y9�+�� ?�4���	*�C-�

�V@ ?0 �� W*(280�� ���<2���� *(X !� �*������ !�@ �

 'X�*� ��)(�*� �<U� ��]17	18[ -��U� ?0 ,�� 

�9����U4  9�,� ,�@�0 =C�

 
   2

2 2
0

0
1

x
x

x







 
  

�
�  ��� '0!94 ��*�

 ����0� x
�

 ;� =��2��� \�]� =C� ,���� �� .<���2�

 ;C�4���	*�C-� x
�

  ;C0*�C-�  �<�� 	 E x
� �

 

,^.2 ��� ?0 ,� ~9�*� ��q  �<(� �� ']�	 ��D���

 �<U� ,� ;4��+� R�6�7�-��U� =e \0*i !� ��� 

(4*� !� \�1� ��  9��9�� ;� %0�N235  =0<(4 O	� ��

,� ,0�9@ ��<.� ,+ �0���  �12 	 �0��	& %�� x
�

 

 	 E x
� �

 2 ��� ,� ?0�82 ����� ~�.2 ��*�,^. ��

 0x r 
� *� 0*Z2 abc�  �*0��.� Y9�+��

,� ;��)��;� %�� [��	�) <)0&50  	54.(  

,�%�� �9Z)�\��B E�� ,� ;��0 ,�o> k-�^� !� �*4

 ���*������ h0*U4 �� �4 <��� �!�X� �<�Q  	R 

,�*0! R�9g:  

 0 00

: ,
4 4

q q
Q

x  
 

 ℏ
           55 



   ����� ��	
� ����� ��������	� ���12����� �4 � ����!1401                                                 62   

 

 
0

: ,
r

R
x




                                    56 

 ?0 ,� ,����	 ;C�4���	*�C-� =��2��� ,� ~9�*� [��	�

,^.2 ��� ��q  �<(� �� ,� ;4��+� R�6�7� ��D���

 �<U�+�� ?�4���	*�C-� ��*� �� ?�4���	*�C-� 	 Y9�

���U4 Y9�+��,�@�0 ^��� ���44 ,�=C�  ;�092!�� *0!

��)+:  

,Maxwell

Q

R
                                         57 

 
2 cos sin

.
2

Q R R
Si RFrydryszak Tkachuk R RR




 
 
  

   58 

 'X*� ��]18[ ��� E9T�C4 ��<.� ,+ %�� ��*+ ��N2

671� Y9i p��.� ��<B�  
0

x �^��� ��14  ��*�

  	*�C-� 19
1.602 10q e C


     Y9i �� *��*�

;)U0 �<��� ?2b�  

  35

0
1.6 10 .Px m     ℏ ℓ        59 

=C� ��2  ;C�4���	*�C-� =��2��� ���@�Maxwell  ��

^����57 ;� Y9i k�e*�  	*�C-� ��*�<U� R   �12

 ��� .%�� �<� ����=C� ,+ �9i2 ;�  �12 �� <��

  	*�C-� ,�  <� ?0�82 0R   =��2��� ��<.�

;� �*>�	 ;C�4���	*�C-�.��*>  

  

  

  

  

  

  

  
B�!2 . ;C�4���	*�C-� =��2��� ���@�

Q

Maxwell
R

  *� k�eR 

�C-� ��*�. 	*  

=C�3  ;C�4���	*�C-� =��2��� ���@�Frydryszak Tkachuk


 

^��� ���58 ;� Y9i k�e*�  	*�C-� ?0 ��*� �� <U�

R ;�  �12 ��� .<��=C� ,+ �9i3 ;�  �12 <��

  	*�C-� ,� ?0�82 ����� ~�.2 ��*� 0R   ��<.�

� =��2��� ;C�4���	*�C-58 0*Z2 abc*��  Y9�+��

.%�� ;D)�C4 <]�@  

  
B�!3 . ;C�4���	*�C-� =��2��� ���@�Frydryszak Tkachuk   ��

^����58 *� k�eR . 	*�C-� ��*�  

*�  [��	� �� ,�@*> A��2� R�(��3� p���46  	53 

;� ,���2 <e �� ,+ �0*�> 
0

0x   =g�e d0��2

 ?�4���	*�C-� !� ,�@�0 ���U4 Y9�+�� =g�e d0��2 ,�

R 

  
 Maxwell 

R 
 



   63         �������	 
��	
�����            ...���� �	 ������ ������������        � ���� �
�!�� "����� ��� � #�$ 

 ;C�4���	*�C-� =��2��� ��*� Y9�+�� ?�4���	*�C-� !�

0*�C-�  �<�� 	,^.2 ��� ;C;� =0<(4 ���� .<29� /�)r

�f*2� �0f� �� =g�9@ �� *��)�� ,+ /�0�� ���;0�V@ 

;� W�8���U� <���� ���U4  9��9� �@�0�35 ,� =C�

 ��)�&   2

0

x
x





  

�
�

 ;� ��  ��� ,+ <0&

-��U�� .%�� Y9�+�� ?�4���	*�C-� ��  9��9�  

���4� .5�� 6���*<  /
! L�G�� 	�(#�� -���

 #$ 3���� M#�N 	�(#�� �� 3��4� O�� #$

 �)��]12[  

   ,�0�.� %�9�� /0� �� �����+ /�� �� �� �<� A��2�

,-�.� /0� �+ ��� 'X*� �� �<� A��2� ���]12[ ;)U0 �

EPL 98 (2012) 50001 .%��� ����9c  Y�� ��

1995  ��b��,� ?08�@;���� ,�  �� h{�+1 �

92�D2��2/� 	3 ,� \@9����M�*������ 	� ���U4 ?0 ,  !�

�V@ ?0 �� W*(280�� *(X� ,� ;4��+� ,� �<U� =C�

 <2<0�*> *0!]24[  

     2

,

2
2 2

,

1

i j
X X

P i j j i
i X X

P

    





   
  



  

ℏ

60  

, 0,i jP P     

61  

 
 

2
, 1 ,

, 1, 2,3 ,

j ij ji i
X P i P P P

i j

     

 

  
   

ℏ  

62  

,+   �  �� ;o)��2 %��q *������ 	�  9��2��0�

  2
momentum

 	 ��9�iX 	 iP ,�4k�4* 

=�B !�@ ��V@ �� ,2�C4 	  �C� ���*>;�9�2&9+ 

                                                           
1Kempf  
2Mangano 

;� �<�  9>*>��� <)���/�)r  
23

2

1

i

i

P P


 

 .%�� 'X*� ��]25 [ ,+ %�� �<� ����  �12

=�B2�C4 	  �C� ���*>�  ,�@�0 ���U4iX  	iP  ��

 �*(X [��	�60  �462 �0��2 ����� ;4�6�7� ���

*� ;-	� ,(4*� �29>*>� ���*������ k�e  	  

,� *0! =C�<)���:  

   2 2 2 2 2
, , ,

4

i i i i
X x p x x p O

 
  


    

63  

 2 2 2
1 , , ,

2

i i
P p p O


  


   

 
 
 

 

64  

 ,+ix  	ip =�B���*>  �� ,2�C4 	  �C� ?�2�C�

;�9�2&9+  ;-9�U���9�  	

 
232 2 2

1

i
p p

i
   


ℏ  .%��,� ��!�

2    [��	� �� �<� ;@*U� *(X60  �462 ,� =C�

;� �� *0!<0&:  

  .
2

, 1 2

2, , , 0,i j

j ij ji i
X P i P P P

jiX X O P P

  

 
 
 

  

       

  
   ℏ

 

65  

 %-�e /0� ���0��2 ���63  	64 ,� ����� R�9g

����  *0!;� ��<)0&:  

     2 2 2
, 1 .

i i i i
X x O P p p O      

66  

 'X*� ��]12[ !�  �*+ *Z)@*g �� (4*� !� Rb�X� 

 ;>�8�2  *4S�� 	  & !� �0��2(4*� ;4�6�7��  ;-	�

*� �29>*>� *������ k�e ��*�=�B���*>iX 

 	iP,�R�9g  *0!,��<�& %��<2�:  

3Mann 



   ����� ��	
� ����� ��������	� ���12����� �4 � ����!1401                                                 64   

 

  .
2

, 1
i i i i

X x P p p    

67  

 ,-�.�  �><)�092]12[ !�� �� ,���� ��Y9�*@ �<)�0*Z2� 

�0��2 p��� *� Y9�+�� ?�4���	*�C-� ��� ;(0*.4

�^��� �� �<� ;@*U�67 ,�-��U�� (4*�  9��9��  A��NT

�<��� *0!<2�:  

       2 2 2
1 2

0

x
a x a


 


     

�
�

ℏ      68 

����  �12 	 ,+ <2� /0� ,-��U�,^.2 ��� ?0 ��*��� q 

 ']�	<(� ��} �+� ��V@�� �<U� ,� ;4 �<�� 	 =��2�� 

 ;C0*�C-��0,� ;0���R�9g *0!:  

 
0

1 ,
4

r
q

e a
r

x



   
 


�                           69 

 
2

0

ˆ 1 1
4

r
q r

E x e e a
r ar

         

� �                70 

;� ,���2 ��.<��  

����&  9)+��0� ,� �4�0�.�� 2� �����+  ��� ab�c� A��

>* 'X*� �� �<� A��2� �����+ �� ,-�.� /0� �� ,�@]12[ 

.�0!��*{�  

1(  'X*� ��]12[ !��Y9�*@ �<)�0*Z2�  ?�4���	*�C-�

�0��2 p��� *� Y9�+�� �� �<� ;@*U� ;(0*.4 ���

^����67  %�� ,�@*> R�9g�0��2 /0� ,+ �� *(X

 h{�+ [��	�)60  �462 ( x�c %-�e �� ��2   

��@*g 	 (4*� �4� Y	�*� k�e �29>*>� *������ 

*�;� ���	& <2!�� ,-�.� /0� �� ,+ ;-�e ��

!��Y9�*@0*Z2 �<)�� � *� Y9�+�� ?�4���	*�C-� p��

�0��2 ��� ;4�6�7�9  	10  ,�@*> R�9g ,+

�0��2 ���<�  9>*>� W*(280�� *(X �9�8��  ;@*U�

 �<� [��	�) E9T�C4 [�946  �48 �� (,� \�]� R�9g

,(4*� ;���4 �4�� *�;� ���	& <2!��]18.[  

                                                           

                                                perturbative-Non 1 

2 (!��Y9�*@0*Z2 �<)��  *� Y9�+�� ?�4���	*�C-�

�0��2 p��� ;(0*.4 ���(4*� �	� Y �� �<� ;@*U�

 'X*�]12[ ,�-��U��   9��9�(4*��  A��NT68  *�)�

;� �9�-��U� ,+� -��U� ?0 ;l�0� ��3- ,� �9@� 

(4*� ;^c ;M8X R�.�1� �� =��2�*o0��  /D���2 A��NT

 .%��R��(B 	� /0� !� ���,� ��*� �<�& %�� =��2���

,^.2 ��� ;C0*�C-�  �<�� 	 �� [��	� ��69  	70  8�2

�;� ;(0*.4 ;^��	 <)���-��U� ,+ ;-�e ���   9��9�

,� ;)U0 �,-�.� /0� �� �<�& %��-��U��35  ��)(� *�

��2�0 ��� ;4�6�7� \�]�9  	10  /0� *� �)� 	 ��9�

 [��	�,^.2 ��� ;C0*�C-�  �<�� 	 =��2��� ,� ~9�*� ���

 [��	� ;)U044  	52 ;-b�c� *�t ;^��	�1  ��9� \�]� 	

�4 �4 	,(4*� ;�� ��;� ��*]*� .<)��� k-�^� ,� ,X94 ��

 A��2� �����+ �<� ,�o> ,�@*>;� �� ,-�.� /0� ��  �94

 ;-b�c� *�t ���@� E�� %NX �� 9X ,� 	� ;��>

0*Z2� 2�C4 O*� �9Ve �� Y9�+�� ?�4���	*�C-�� 

1
maxp


^���)�13 (,�.��	& ����  

 .7 6���*����������=� 	
��<  #$ ������

���� Q�� #�";< 1
maxp


  #$

 �$#�9( 7�.#�.3��9�* -#�4� +�#�� � 	�

��=�<  	�$#�9(3�/
�8 6�$  

   ,�Y9�*@ ?0 ,M��� �9Z)� �<)�0*Z2 !� ���9��� 

 Y9�+��2�C4 O*� �9Ve ��� 
1

maxp


 

^���)�13 (�72 �4 %�� A!S !� ���9�� ���U4 ?0 %

<�  9>*>� W*(280�� *(X�  [�94 �<� ;@*U�

 [��	�) E9T�C46  �48( ,���*> ,M��� *0! R�9g:  

, 0,X X                                          71 



   65         �������	 
��	
�����            ...���� �	 ������ ������������        � ���� �
�!�� "����� ��� � #�$ 

, 0,P P                                           72 

73  

 2, 1 ,X P i P               ℏ

 , 0,1, 2,3 ,    

 ,+X
  	P

 ,�� k�4*4�,o-=�B ��� 	  �C� *>

�V@ �� ,2�C4-?0*�� �� �<U� ��NT ;C�@9C)��  ��!:  

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



 
  
 
 

 

                       74 

 ��9� 	   
3

2 2
0

1

i

i

P P P


   .%��)0� �� ��

2��� 8�2) �*(X [��	� <6  �48   %��q *������ ?0

  9��2��0� �� ;o)��2  2
momentum

 ;��� .<� ��

;� ,(��3� ;+<2�=�B ,+ ���  �12  �94  �C� ���*>

X
 2�C4 	� P

  *(X �� ����9�� W*(280��

�<�  9>*>�,��X [��	� ;)U0 � ;0�X71  �473  �����

,� ;.�]� ;4�6�7� �0��2;� *0! R�9g<)���:  

,X x                                               75 

 
2

1
, 0,1, 2,3 .

1
P p

p

  


  


    76 

 [��	� ��75  	76  

212 2 2 2
2 2

p
c t

 
     
  

ℏ □ ℏ  

 ��9�	x
  	p

 2�C4 	  �C� ���*D�B�  ;-9�U�

�V@ ��- ��! ;C�@9C)�� ��NT  �<U� ,+ <)��� [��	�

                                                           
1Bianchi identity  

,��X2& ,� ,+ �� *0! ;0�X�N  W*(280�� ����9�� *(X

;� ,�o>�9� ;� ���	&*�<2!��:  

, 0,x x                                             77 

, 0,p p                                              78 

, .x p i       ℏ                                 79 

,� �)� [��	�75  	76 !�� A�D)� ��Y9�*@0*Z2 ?0 �<)�� 

 *(X *Z)� !�  �<����9�� �� W*(280���<�  9>*>� 

71  �473 �V@ ��-  ��! �<U� ��NT ;C�@9C)�� A!S

=�B �4 %�� ����<2���� \�1� 	  �C� ���*> ;)U0

 ,x 
 =�B �� *0! =�U-��9��� \(i *� ���*>

�@�0 ���U4 \�1� 	  �C��  ,X D
  /08D0�X

<29�:  

,x X x                                        80 

  2

0

1
: .

1

D

x
     

  □
               81 

 

 ��^����81 � 
0

max

x
p

 
ℏ

   ��� Y9i p��.�

 ,671�^��� �� �<� h0*U4�14 .%��  R�9g

U� ��9�2�4 ?0 �� Y9�+�� /D���2 RS���V@- ��! 

;C�@9C)�� ��NT�<U� *�� �� ?074 ,�%�� *0! =C�:  

   0 ,F x J x 
                         82 

 ,+
1

,A A
c

    
 

�
 =��2��� ���*���T 	 

 ,J c J 
�

   �0*X ���*���T;� <)��� 	

F A A         �<�� R<� �9�2�4

 %�� ;��i�)j�	*�C-�^��� ,+� A9�9� *0! ,� ��34�

;C2���1 ;� ���	&*� ���!��:  

      0.F x F x F x                83 



   ����� ��	
� ����� ��������	� ���12����� �4 � ����!1401                                                 66   

 

,� ,X94 ��^����80  R�6�7� !� ,+ ;��D)�

 0 1 2 3
, , ,x x x x x


 ,� R�6�7�

 0 1 2 3
, , ,X X X X X


 ;� �0	� ����9�2�4

(4*�� Y	�  ����9�� A x  	 J x ,� R�9g

;� �<�� =0<(4 *0!<))+:  

     

 

 

 

3

0

3

0

3

0

,

x
A x a X A x

X

x
A x

x

A x

A x



  




 




  

 


 

 

 




          84 

     

 

 

 

3

0

3

0

3

0

.

x
J x j X J x

X

x
J x

x

J x

J x



  




 




  

 


 

 

 




         85 

,� ,X94 �� [��	�81  	84   �<�� R<� �9�2�4

 ;��i�)j�	*�C-� F x  �<�  9>*>� ��V@ ��

,�;� �� *0! R�9g<0&:  

86 

   F x f X 

 

,� ,X94 ��2& <� ,�o> ,r,� ��*�  ��	& %�� =C�

 ?0 �� Y9�+�� /D���2 RS��U� ��9�2�4�V@- ��! 

;C�@9C)�� ��NT�<U� 2�C4 O*� �9Ve ��� 

1
maxp


 ;)08D0�X �4 %�� ;@�+,� ;0��=C� 

*0!:  

   
   

D

F x f X

J x j X

 
 

 

 





 

-��U� ���82 �2�;)U0 ��9� A�:  

    ,
0

D f X j X
                        87 

�0 	  

 
   02

0

1
.

1
F x J x

x

 
  

  □
     88 

 

-��U��88  /D���2 RS��U� ��9�2�4 R�9g  ���

2�C4 O*� �9Ve �� Y9�+���  0
max x

p



ℏ 

;� .<��� <e �� 
0

0x  -��U��88  ,���U�-�82 

;� =0<(4.�9� ,29>  ��� ;� �<0� ,+ �9�-��U��88 

,2���� Rb0<(4 *q� %34 ��,�R�9g *0!:  

       A x A x A x x             89 

 

 ���	�2) %��( )x \�1� 	 ��9�� ;U��4�V@ !� *0P�-

;�  ��! .(<��� /0� *� �)�0*Z2�  �9Ve �� Y9�+��

2�C4 O*��  0
max x

p



ℏ 0*Z2 <)2����  Y9�+��

,2����  ��.4 ����� ;-9�U� �� .%�� /�@*i !� *>�

-��U��88 
x

 


 


 ;� �<��1� �0*�D�,+ ��)+  ��T

 �0*X ���*� J x -��U� ����9�� =C� �� �

 ;)U0 � �0*X 	 ��� ;D��9��-��U�� <g *0!;� �<)+ 

) ,+ <���� ,���� ,X94  R��(B 	
  2

0

1

1 x  □
 

�X *D0<C0 ��,�;� �X(<2�*>:  

  0.J x
                                        90 

 

��o-�0  -��U��88 ,�%�� *0! R�9g: 

   

 
 

 
 

 
 

1 1

2 2
1 1

0 0

1
.

2
1

0

D a X D a X

A x A x

x x

F x

x

   

   



 

   

   



 

□ □

□



   67         �������	 
��	
�����            ...���� �	 ������ ������������        � ���� �
�!�� "����� ��� � #�$ 

10 20 30
, ,

EE Eyx zF F F
c c c

  
 
 
 

 

 
   

2

0
0

,1
. , .

1

x t
E x t

x




 

 

�
� �

□
 

91  

 ?0 ��*���� !� ���0� �<)�*C��-��U� ;C0*�C-� ���� 

91 ,�;� �� *0! R�9g<0&:  

 
   

2 2
0

0

1
. .

1

x
E x

x




 

  

�
� �

         92 

-��U��92   92�] ;��2�*o0� =C�>� p	 ��

 Y9�+�� ?�4���	*�C-�2�C4 O*� �9Ve ��� 

 0
max x

p



ℏ ;� .<��� ;C0*�C-�  �<�� *>� ����0�

 E x
� � ^��� !� ���51 ;)U0 �   E x x 

� � �  ��

^����92  ���� ��*]���<�� -��U� ,��35-��U� ;)U0 �� 

(4*� !� \�1� ��  9��9�� ;� %0�N2

 
   2

2 2
1 00

x
x

x







 

  

�
� ;�.����  �� 'X*�

]12[ *�  ?���)0�	*�C-� ,� ~9�*� R�Veb� p���

 ?��b+671� Y9i p��.� ��*�� 0x   �*+

*��*� ;0S�� ��<B:  

  10

0
10x m ∼                                    93 

47 %3g v*@ �� .%�� �<� ��! /�� �9X	 /�)T

 ��*� ;0S��  �*+ 0x ;� %��� <���  �94  �C�� ,+

<��1��  ,�@*> A��2� R�(��3� !� ;VU� ;�*�4 d0��2

p��.� �� ,-�.� /0� �� ���(4*� !� ;-9i� 1010 m 

.<��� ,���� �9X	 (;�4� ?08�@ �� ;-9i p��.�)  

�)���(  

[1] A. Rostami, S.K. Moayedi, Exact 

solution for light propagation through 

inhomogeneous media, Indian Journal of 

Physics 75 B 4 (2001) 357-361. 

[2] S.K. Moayedi, A. Rostami, PT-invariant 

Helmholtz optics and its applications to slab 

waveguides, European Physical Journal B 

36 (2003) 359-363. 

https://doi.org/10.1140/epjb/e2003-00354-5 

[3] A. Rostami, S.K. Moayedi, TM mode in 

inhomogeneous slab waveguide as an 

exactly solvable oscillator-like Hamiltonian, 

Journal of Optics A: Pure and Applied 

Optics 5 (2003) 380-385. 

https://doi.org/10.1088/1464-4258/5/4/313 

[4] S.M. Blinder, Singularity-free 

electrodynamics for point charges and 

dipoles: a classical model for electron self-

energy and spin, European Journal of 

Physics 24 (2003) 271-275. 

https://doi.org/10.1088/0143-0807/24/3/307 

[5] R.B. Santos, Plasma-like vacuum in 

Podolsky regularized classical 

electrodynamics, Modern Physics Letters A 

26 (2011) 1909-1915. 

https://doi.org/10.1142/S021773231103639

5 

[6] M. Born, L. Infeld, Foundations of the 

new field theory, Proceedings of the Royal 

Society of London A 144 (1934) 425-451. 

https://doi.org/10.1098/rspa.1934.0059 

[7] S.K. Moayedi, M. Shafabakhsh, F. Fathi, 

Analytical calculation of stored electrostatic 

energy per unit length for an infinite charged 

line and an infinitely long cylinder in the 

framework of Born-Infeld electrostatics, 

Advances in High Energy Physics 2015 

(2015) 180185. 

https://doi.org/10.1155/2015/180185 

[8] F. Bopp, Eine lineare Theorie des 

Elektrons, Annalen der Physik 430 (1940) 

345-384. 

https://doi.org/10.1002/andp.19404300504 

[9] B. Podolsky, A generalized 

electrodynamics part I-non-quantum, 



   ����� ��	
� ����� ��������	� ���12����� �4 � ����!1401                                                 68   

 

Physical Review 62 (1942) 68-71. 

https://doi.org/10.1103/PhysRev.62.68 

[10] A. Pais, G.E. Uhlenbeck, On field 

theories with non-localized action, Physical 

Review 79 (1950) 145-165. 

https://doi.org/10.1103/PhysRev.79.145 

[11] H.S. Snyder, Quantized space-time, 

Physical Review 71 (1947) 38-41. 

https://doi.org/10.1103/PhysRev.71.38 

[12] S.K. Moayedi, M.R. Setare, H. 

Moayeri, Formulation of an electrostatic 

field with a charge density in the presence of 

a minimal length based on the Kempf 

algebra, EPL 98 (2012) 50001. 

https://doi.org/10.1209/0295-

5075/98/50001 

[13] S.K. Moayedi, M.R. Setare, B. 

Khosropour, Formulation of 

electrodynamics with an external source in 

the presence of a minimal measurable 

length, Advances in High Energy Physics 

2013 (2013) 657870. 

https://dx.doi.org/10.1155/2013/657870 

[14] A.V. Silva, E.M.C. Abreu, M.J. Neves, 

Quantum electrodynamics and the electron 

self-energy in a deformed space with a 

minimal length scale, International Journal 

of Modern Physics A 31 (2016) 1650096. 

https://dx.doi.org/10.1142/S0217751X1650

0962 

[15] A. Izadi, S.K. Moayedi, Lagrangian 

formulation of an infinite derivative real 

scalar field theory in the framework of the 

covariant Kempf–Mangano algebra in a 

(D+1)-dimensional Minkowski space–time, 

Annals of physics 411 (2019) 167956. 

https://doi.org/10.1016/j.aop.2019.167956 

[16] M. Ranaiy, S.K. Moayedi, The short-

distance behavior of an Abelian Proca model 

based on a one-parameter extension of the 

covariant Heisenberg algebra, Modern 

Physics Letters A 35 (2020) 2050038. 

https://dx.doi.org/10.1142/S021773232050

0388 

[17] A.M. Frydryszak, V.M. Tkachuk, 

Aspects of pre-quantum description of 

deformed theories, Czechoslovak Journal of 

Physics 53 (2003) 1035-1040. 

https://doi.org/10.1023/B:CJOP.000001052

9.32268.03 

[18] V.M. Tkachuk, Galilean and Lorentz 

transformations in a space with generalized 

uncertainty principle, Foundations of 

Physics 46 (2016) 1666–1679. 

https://doi.org/10.1007/s10701-016-0036-5 

[19] W.S. Chung, H. Hassanabadi, New 

generalized uncertainty principle from the 

doubly special relativity, Physics Letters B 

785 (2018) 127-131. 

https://doi.org/10.1016/j.physletb.2018.07.0

64 

[20] K. Nozari, M.A. Gorji, V. 

Hosseinzadeh, B. Vakili, Natural cutoffs via 

compact symplectic manifolds, Classical 

and Quantum Gravity 33 (2015) 025009. 

https://dx.doi.org/10.1088/0264-

9381/33/2/025009 

[21] K. Nozari, A. Etemadi, Minimal length, 

maximal momentum, and Hilbert space 

representation of quantum mechanics, 

Physical Review D 85 (2012) 104029. 

https://dx.doi.org/10.1103/PhysRevD.85.10

4029 

[22] N. Moeller, B. Zwiebach, Dynamics 

with infinitely many time derivatives and 

rolling tachyons, JHEP 10 (2002) 034. 



   69         �������	 
��	
�����            ...���� �	 ������ ������������        � ���� �
�!�� "����� ��� � #�$ 

https://doi.org/10.1088/1126-

6708/2002/10/034 

[23] M.R. Spiegel, S. Lipschutz, J. Liu, 

Schaum's Outline of Mathematical 

Handbook of Formulas and Tables, Fifth 

Edition, McGraw-Hill, (2018). 

[24] A. Kempf, G. Mangano, R.B. Mann, 

Hilbert space representation of the minimal 

length uncertainty relation, Physical Review 

D 52 (1995) 1108-1118. 

https://doi.org/10.1103/PhysRevD.52.1108 

[25] M.M. Stetsko, V.M. Tkachuk, 

Scattering problem in deformed space with 

minimal length, Physical Review A 76 

(2007) 012707. 

https://dx.doi.org/10.1103/PhysRevA.76.01

2707 

 

 


