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Abstract 

In this research, the time-independent drift coefficients for the shape-invariant potentials were 

obtained using the analytical solution of the Fokker-Planck equation. In this approach, first, the 

Fokker-Planck equation is converted into a Schrödinger-like equation. Then, using the 

mechanism of supersymmetric quantum mechanics, the Fokker-Planck equation is analytically 

solved and its explicit solutions are obtained. In this calculation, the diffusion coefficient is 

considered a constant. This approach applies to shape-invariant potentials which are exactly 

solvable potentials. Exactly solvable potentials refer to potentials for which all eigenvalues and 

eigenfunctions can be obtained explicitly. These calculations are used to examine the probability 

density distribution of laser-accelerated carbon beams after entering the fuel region in the fast 

ignition method. 

Keywords: Fokker-Plank Equation, Drift Coefficient, Diffusion Coefficient, Supersymmetric 

Quantum Mechanics, Superpotential 
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√n'op/� rVk exp O− so'oQ  

>' �� -,  �%    =, ��<P5>:1 	 ��  &k  ����  >:1    V�Q+�

<Q�	  >	+�,��@� %.	  (MeV)    +� .%��>:1  y+3� ��� 

;2)*Z  Vk = O�
�Q jktk�    %E���d  .:5 =4� &� �� �< 

 >��& �� %e:� \i� �5t [;  �; .<*,  r*�' �01�+��*�

-C1���  ��+�  �%e:�  \i�  -�  �y+3�  ><���  -,  ��

  �� +��+� >' >:1 +� �y+3�Vk��� = O�
�Q jk O)

� Q�
 

 %��� i��� ��� -� +1&;� %��<1':  

                                �k��� = u
d√n

s =,

v Ov
�Qw

 

33                  × exp y− Ov
�Q�z  

>'  ��  -,  g = O{o)�
�'o Q|� ps  �%��  -782�  >��& 

jk    A+Z >:1    	V=, = Od
�Q �%&k  y+3��    =,  -C1���

.%��  C1��� D1�  �� ;*�+,  `�782� 01� ��   ���1� ��+�

C. D1�    +^3 �� ���<1+�@�   ]23 [.  ;?<*,�+� +_� ��  ;1��

  -,  -C1��� 01�;� A��3� z<� `��� �� %e:� �� �<��

  �� �:e �y+3� O1�95 �� 	 �<� ka:���Q�3�   %e:� �  

4 Deuterium 
5 Tritium 
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;� ���+E �� >' c�P��� ��+� &��3 ��:� �y+3� .<*,  ;C1

L	�  &�)��4�  ����  �y+3�  O1&+5  01�  ;@3:@d    	

z<� �� -��5+� `��� �8� �  1+^3 &� ���R����    ;2)*Z

.��P� =Q 	�  FP%��  ]26-24 [  .  

�45 =Q &� >:*,�; .��P�� FP �8� �� -,  ;)a ���

-�  ��+�  �<�  ;E+P�  (��5  ;3��&  c:45  >��	'  %��

  ���R��� �z<� �� ����:e+� +_� �� -��5+� `��� (1&:5

;�  .��*,;�  x+E;?<*,�+�  -,  ��*, ��  -��5+�  ���

A�@*�   �Q�3 -� �	�	�   %e:� �+a�   +�_j5 %45    =��3���

��� +@3��:3��:� A��3� r*  c	<Z �� =��3��� 0�.	�)2 

-�  ;B:3 +1��/� ��&�~ = 0    �� = 0.5    	� = 1 .(

�� &� ���R��� i����8 ��Z �� 	  %B+� ���M?t -�  ��Z

  +�v���;� �>��& �� �� -��5+� `��� (1&:5 ��3�:5  ���

-� �<P�=C� .�1�	' %��1  -3:�3  �� -)��4� 01� &� ��

-�;� >�23 k�8� >��& ���d ��&� .<��  
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���1.   ��5+�  (1&:5�  �Q�3  -�  �	�	  &�  <P�  ;*�+,�   ��  %e:�

>��& .k�8� ���  

 $���	��/  

   +��  &�  ;782�  l:3=��3�����   -,  <3���  �:Z	

=��3���>' &� =]�Q %RZ ��� ���  -� ;]�e <�a &� A�3

 

1 Shape Invariance 

=C� ;1���	�31  ;�  �	+��=C�  u+�  .<**,  ;1���	�3

;� >��� :-, <*,  

                               U!]���,  !� + �� !�  

34        = U!��,  !]�� + �� !]��  

  >'  ��  -, !]�    &�  ;P��5 !  	  �� ��  %��_  D1

 %��=C� %RZ =��3��� 	� . ���	�3U!]���,  !�  	

U!��,  !]��    -�  ;@����   ��  ���  �<3���  ;3��C1

  ���+������  ��</� �  `	�R��  +@1<C1  ��.<3�    ��

SUSY-QM=��3��� �  ���R��� �� �;3��/5+�� %RZ ���

i��� &��  &� �+1& D1-� =��3���+��;� %��<*1'  ]16 [ :  

35     �U!��� = Z!���� − Z!F��� + V%�!�    
U!]���� = Z!���� + Z!F��� + V%�!�   

  &� ���R��� ��i����35  �  u+�=C�;1���	�334    V�Q+�

=��3���+��-� ��� `�:] +1&;�:�:�  

Z���,  !� + Z!F��,  !� + �� !� 

= Z���,  !]�� − Z!F��,  !]�� 

36         −�� !]�� 

=C�  k1+P5  ��+�  -i���  01�.��P�  D1  �;1���	�3� 

;� 	 %�� ;W�R5  =��3�+R1�-�  �� <3�:5 %��>��	' 

���:3�e=��3���+��  &�  ��=C�  �������	�3  -,    -�

=��3���+��<*E	+P�  c	�<��  ���<���  +_��  �  .

=��3���+��  �c	�<��  ���=��3���+���� -,  <*���  ;1  

  -�  b�41+]ℏ  ��:3�e  D1  	  <*���3  -����	�    ��  =��,

;� =�C25<*��  c	<Z)1(   ]16 [ .    -,  %��  �<� %��_

.��P��  ���:3�e  01�  ��+�  +@*1�	+��  =��a  b�/�a�   =Q  
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%��   ]27[  .c	<Z  ��2�
1	  �  (��:54!������   	

4%�������
1	 ���/�1  +*!���  �� U:� V1�+W 	 &� =/�

  >��&�������    ��=��3���  ��+�=C�  ���  ����	�3

c	�<���   %�+�E 	 -)��4���+,�1�.   

  

@�#81  .=��3���=��3���+�� 	 ��=C� ������	�3 c	�<�� �x   	r =��3��� 01� ���+������ �%��:_ ��/� 	 ;]� ���+�v�� <*��� ��]16[ .  

  

 

 

 

 

 

 

 

 

 

  

 

1 Scarf 
2 Rosen-Morse 

3 Eckart 
4 Generalized Pöschl-Teller 

 ������� E��    ���������
����    �����������; ���  

  +@3��:3 -��Z �<��Z  12 ω� − ~ 
14 �� � − 2~� �� − � 2⁄  

 -� r*���� +@3��:3 �<P�  12 �� − �ℓ + 1��  
14 ���� + ℓ�ℓ + 1��� − �ℓ + 3 2⁄ �� 

 ;*.:,  1�
2�ℓ + 1� − �ℓ + 1��  − 1�

� + ℓ�ℓ + 1��� + 1�
4�ℓ + 1�� 

 w�:�  � − �exp�−��� �� + �� exp�−2��� − 2��� + � 2⁄ � × exp �−��� 
 z��C��1 2  �)M (�:.:.  � tanh �� + � sech �� �� + ��� − �� − ���sech����� +��2� + �� sech �� tanh �� 

 >&	�- w�:�2 2  �)M (�:.:.  � tanh �� + � �⁄  �� < ��� �� + �� ��⁄ − ��� + �� sech����� + 2� tanh �� 
`��,�3  −� coth �� + � �⁄  �� > ��� �� + �� ��⁄ + ��� − �� csch����� − 2� coth �� 

 z��C��1  (;5�{{�)  
−� tan �� + � sec �� 

�− 12 � ≤ �� ≤ 12 �� −�� + ��� + �� − ���sec��� − ��2� − �� tan �� sec �� 

=�:�- +54 -�E�1 ���P5  � coth �� − � csch �� �� < �� 
�� + ��� + �� + ���csch��� − ��2�+ �� coth �� csch �� 

 >&	�-  w�:�1  (;5�{{�)  −A cot �� − � �⁄  �0 ≤ �� ≤ �� ��� − �� csc��� + 2� cot �� − �� + �� ��⁄  
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@�#82 .�
1	  (��:54!������  	4%�������
1	 ���/�1  +*!���   >��& &� =/��� U:� V1�+W 	�������  =��3��� ��+� =C� ��� c	<Z c	�<�� ����	�31 .  

  }:�  (��:5 %.�Q���  =��3���+��  <�/�c	�<��  ���    ��

�;>�:5  -�Z  <*d  V�Q+��� ���  �T,  <��P���D 

��>�  �+,   ]28 [E+P�  ��  .;  e+�;  |�����  ��1:?  �1 0  

+���3����=  ���B:����  =��3���+��  &�  �<1<Z  ���

=C�-�  ���	�3<�'  %����  -�  b�41+]  -,  <3ℏ   -����	

  .<*��� %.�Q  }:�  (��:5 ���  =��3���+��  <�/���� 

-�Z<*d���� �  �*{��� <��P�� ;1  <*���   ]29 [.    �01�+��*�

c	<Z  ��  -,  -t3'2  =��3���+��  ��+� c	�<��  ���

-�;�  ��  %��  �<�'  %��-�  >�:5���  =��3���+��  ���

=C�.��� ���P5 ���	�3  

  

  

 ������� E�� 

  �
 ����� ����

 ��� ��� 

������� 
�������� ��������   ��G��� �����

 

  +@3��:3

 -��Z �<��Z 
−��� + 2�~ exp H− ��

2 J  !��� exp H− ��
2 J O�2Q�� � − 2~� � �6� 

  r*���� +@3��:3

-� �<P� 

−���
+ 2��ℓ + 1��  

��ℓ]�� �⁄ exp − 12 �� lnℓ]� �⁄ ��� ��ℓ]�� �⁄ exp − 12 �� 
12 ���

 2�6� 

 ;*.:, 

− �1�
�ℓ + 1�

+ 2��ℓ + 1��  

�ℓ]� exp − 12 �� ln�ℓ]���� 
�ℓ]� exp O− �

� �Q, 6 = 0 

�1�
�6 + ℓ + 1� 

�1�
4  1�ℓ + 1��

− 1�6 + ℓ + 1��� 

 w�:� 
−2�� +2�� exp�−��� 

�¡2! exp − 12 �� ln�¡2�!��� �¡ exp − 12 �� 
2�� � exp�−���, 

¢ = � �⁄  

���
− ��� − 6���

 

 z��C��2  

 (�:.:.M�) 

−2�� tanh����− 2�� sech���� 

£!�1 + ���2¡ �⁄
 × exp�−* tan2� ��× �!��32¡2� �⁄ ,2�32¡2� �⁄ ��£�� 

�1 + ���2¡ �⁄
 × exp�−* tan2� �� 

sinh ��, ¢ = � �⁄ , * = � �⁄  

���
− ��� − 6���

 

  >&	�- w�:�2   

 (�:.:.M�)  

−2�� tanh ��
− 2���  

�� < ��� 

�1 − ���¡2!]¥� �⁄ �1+ ���¡2!2¥� �⁄
× �!�¡2!]¥,¡2!2¥���� 

�1 − ���¡]¥� �⁄
 × �1 + ���¡2¥� �⁄ , 6 = 0 

tanh ��, ¢ = � �⁄ ,  * = � ��⁄ ,  = * �¢ − 6�⁄  

���
− ��� − 6���
+ � ��

��
− � ��

�� − 6��� 

`��,�  

−2�� coth� ���
− 2���  

(� > ��� 

�� − 1�2�¡]!2¥� �⁄ ��+ 1�2�¡]!]¥� �⁄
× �!�2¡2!]¥,2¡2!2¥���� 

�� − 1�2�¡2¥� �⁄
 × �� + 1�2�¡]¥� �⁄ , 6 = 0 

coth ��, ¢ = � �⁄ , * = � ��⁄ ,  = * �6 + ¢�⁄  

���
− ��� + 6���
+ ���

��
− ���

�� + 6��� 

 z��C��1  

 (;5�{{�) 

2�� tan����− 2�� sec���� 

O�2 ≤ �� ≤ �2Q 

�1 − ���¡23� �⁄ �1 + ���¡]3� �⁄
× �!�¡232� �⁄  ,¡]32� �⁄ ���� 

�1 − ���¡23� �⁄
 × �1 + ���¡]3� �⁄  

sin �� , ¢ = � �⁄ , * = � �⁄  

��� + 6���
− ���

 

=�:�-  +5

 ���P5-�E�1 

−2�� coth����+ 2�� csch���� �� < �� 

�� − 1��32¡� �⁄ �� + 1�2�3]¡� �⁄
× �!�32¡2� � ,232¡2� ��⁄⁄ ��� 

�� − 1��32¡� �⁄
 × �� + 1�2�3]¡� �⁄  

cosh ��, ¢ = � �⁄ , * = � �⁄  

D�� − ��� +6���
 

 >&	�-  w�:�1  

 (;5�{{�) 

2�� coth����
+ 2���  

�0 ≤ �� ≤ �� 

���
− 1�2�¡]!� �⁄ exp� ���× �!�2¡2!]�¥ ,2¡2!2�¥� ��� 

��� − 1�2¡ �⁄
 × exp� ���, 6 = 0 

£ cot ��, ¢ = � �⁄ , * = � ��⁄ ,  = * �6 + ¢�⁄  

��� + 6���
− ��� + ���

��
− ���

�� + 6��� 
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