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Abstract 

In this research, the singularity of the central shape-invariant potentials, which have a singularity 

of the inverse-square power α r�⁄ , has been investigated. It has been shown that in quantum 

mechanics, for α � ��, the eigenvalue problem is well-defined and, as a result, the energy spectrum 

can be determined. In the transition region, for � 	� 
 α � ��, both regular and irregular wave 

functions are square integrable and therefore acceptable, but the boundary conditions for 

determining the eigenvalues and eigenfunctions are not sufficient and there is no a specific 

predetermined mechanism for choosing a linear combination of wave functions. For α � � 	�, the 

particle is drawn to the singularity, and therefore, there is no any ground state with finite energy. 

It has also been shown using supersymmetric quantum mechanics that the inverse-square potential 

is the result of the singular inverse superpotential β r⁄ . Supersymmetric quantum mechanics 

provides a mechanism that, without any additional constraints, the less singular wave function is 

chosen and the potential is placed in the transition region for � �� � β � 	�. 

Keywords: Singularity, Supersymmetric Partner Potentials, Superpotential, Shape-Invariance, 
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/��S� ?2 �K	��  *6,��  >V Y	�,2L�    >V 12:E2�[ ��

/��S�  ��0����  /��S�  ?2  .-  ,E+2�	,��    >��4�,_2�

*6,��  <� �'�� B	�=+- �� K	� 12� ,E+2�	,� �;Q .

  Y�� �� 	 ��� ��,W .[;6 ��;�1940  ��,� �� <�	� �

 i,�3�  >��C�,�A    	   T	�=��  �6�  <4;�����

>��4��� �,- .H��� ,E2� ���   ]8 [  ?2 .���  =_+2� �=S�3 

Y��  	4  S/�]�  ��,�  ��  K	�  12��  .4���� �=S��  ���

.C;���) =4��� ���S6 ,E2�.4���� !� �� .- ��  .�  ;+-�

  B�4">��4���>D� ������	�4"  (=+@	,S�   ]9 [�� .�  12�  

�;[  .�  g�eVh�  ���  ����+�   ��06  ?2  !�  <4�I+�

  ?�4�D�  Z�;6  q�*W�S��  .-  =4���  '/p� <�;�4(;-  

.=� 1��*6 <4��06,��  

 
1 Schrödinger 
2 Dirac 

  ?�4�D� ��<�;�4(;-  .�  �>��4���,��  �<4��06,��  g�;a

  .2��  '/�V  X;�  )��6  <��2��E/  N�3�0�*	+*�+ 

 <4;�����C	 <� R2,S6�;�  ]10 [ : 

6    D*�+ = � :EF*G+*4+:E*G+*4+ = � 114 lnJ0�*	+*�+K  

.�  �R2,S6  12�  ��!�  .- '�� ,*�S� .��D34 <4��06,��

 2��  '/�V  �T,4�   (  ���    <4;�����C	  '��  ,_a  � ��*	+ = 0>��4���  �>��4���,��  R2,S6  ��  .  '_[ ���

 <4��06,�� '_[,��) (��]��� ��� .� ,2!<� '�� :=+2(  

7                         .L�	*�+ = D�*�+ � DM*�+��*�+ = D�*�+ + DM*�+   

.� .- <4���,4 ���,E�C<� R2,S6 ,2! g�;a �=4;�

�
2	 )��;6 '_[,���� .� ��<� Z*6,� �� :=++- 

8                                   ,   NO = 114 + D*�+OP = � 114 + D*�+  

<4;����� ���,E�C 12� R2,S6 ��  <4��06,�� '_[ ���

<� ,��,� :�� =4;�  

9                                                    .QC	 = OPOC� = OOP  

]��� N*~�7  .a�@  	��	 >��4���,�� ?2 �D*�+ =
R4  <�  ��	L��   	��	  >��4���  ?2  =4�;6�	*S+ =

3 Infeld 
4 Hull 
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;42   ����;Q .]��� 12� N*~ g�;a 12� �� .=+- ���2� ��

 :'���  

10                                                 . = �� + �  

  ��,� ./��S� 12� >V�<� �� ,2! U�;[ 	� �:=�� 

� = �1 ± √1 + 42 = � 12 ± U + 14 

11                               = � .12 ∓ > + 14/  

U�;[ 12� g�;a 12� .� �� ��<� <�2;4!�� :��+- 

12        

⎩⎪⎨
⎪⎧�	 = � .	� � > + 	�/ = �*1 + �+

�� = � .	� + > + 	�/ ≡ �                

]���  N*~  ,�  12�,��+��5  ,��,�  .2��  '/�V  X;�  )��6  �

<� :�� �;�  

13               0�*	+*�+ = <	�*	?R+ + <��=R  .  

 ����[  �=�  ����  {�b;6  ���  �9�  ��  .-  �;~�  

�[ �B	��  .'�� 1�D6 ,��-  

<�  1�+`��]���  !�  ���_���  ��  ��4�;6�6    X;�  )��6  :�4

.�  ��  .2��  '/�V �.]��� 12�  !�  ���_���  ��  .�2�	(  '��

:�2���  

14         , 0�*	+*�+ = \exp*� 8 D*�+-�+  

  ( �� .-\  .]��� 12� �� ,A� .'�� K���+I� ^2,b

D*�+ = R4  :'��� ����;Q ����� ��,W ��  

15                                     0�*	+*�+ = \�=R  .  

Z��	� !� ���_��� ��13   	15���4 � � <� �� ,2! :�2,�A  

16                                                                L<	 = 0 <� = \  

<���  ?�4�D�  ��-	!��  .-  ����2<�;�4(;-   �<4��06,��

�[ ���;���    	=� �� .2�� '/�V X;� )��6 1�D6 ,��-

<� U�9�4� �<@�b� =�W c��  �	:@�>D� �� .=+-1  � 
  ^�V,��  ]��� N*~ ,��10    <�2��4  .'�� �=� ���

<� >D� 12� !� .-g��*C '@,A  �;6 :!� =4� 

1-  !��  ���  � �� � � � 	��  ��V�4  ��  >��4���   ��LA � 	� 
  � �� <� ��,W .�,�A  

2-  .��� ��!��   ,2��0�  <0�0V  �c�� �  ��A � � 	� 

  .=� =��;94 

  	 .a�@  	��	 >��4���,��  !� .- <[;� )��6 �.���4��

  ��-	!��SUSY-QM  .�<�  '�� ���;��  �=2(

 .'�� ,2L����+I�  

 

  

���1.   ^�V,�� ]��� N*~ ,��10 . 

-2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-1.00

-0.75

-0.50

-0.25

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

a

b



   ����� ��	
� ����� ��������	� ���13����� �4 � ����!1402                                                  64    

 

  

������� ��� ��� ����� -��2 �� ������  

     O;4<a�Q  ,��  !�>��4���  .-  =4���  �;[	  ��

 '_[,�����  .�  <a�Q  =�W  !�  �I4(  !�  >a�V B�4

>D�<� �	,�� <2���	�4  	� .=++- '_[,��  >D����	�4 �

  <E����	  <4��D2.�    <a�  ,�x��  ��=0�  ��  ���  �=4���

g	�_�� ,E2=D2 �� ��,�������.=4 	� 12� .- ��4( !�� �I+6 

�
2	  �=4���  �h�Q�  ��  ��  '���  ?2  ��,2��0�  ��   ��

  	�  ,�  	  '��  g	�_��  '���   ���  �����C;���� 

�
2	 !� <4��D2  )��;6=+���  .  <A
2	 12�>D�<2���	�4�  

<�  ^*�/��S�  .-  �;��    !�  O;4  12�  ��,�  ,E+2�	,�

>��4������   =��� .���� N�W� <�56 U�;[ ]11 [.    

��,�  ?2   �=��  ��  ��:-,�  �+->��4���  ���

>D�  ��  �:-,�  ����	�4<�  ��   �;6���4���,�  .-  <

.�>a�V  g�;a�[  	�  )�[ �  ,2!  ��;4<�  .  ��;�

.� ��� g=V	 �� ]12 [ :  

17          D*�, ℓ+ = ℏ√�b cd*�, ℓ+ � ℓ?	4  e     

�[ � (  ��  .-�  �[ 	 �:-,�  >��4���,��  Y	��    B	�

�4  :-,�  !�  :2,A  >��4���,��B�=� ���LA.=4�    ��� �;~

  �� .-�=S� �9�,2! 	�  �=2� ����;Q  =V �� ,A�  � → �f    ( �� .-f    	g  =+��� '���  �:-,� >��4���,�� �

 :�;� >2=*6 ,2! <- >D� .� 

18                                       d*�, ℓ+ = h4?i     

 .- '�� g	�_�� �R�9� Z2�,� ��  ( <E+�D6 ���@�

 ��<�  ( .� .���� .�2!��,�  

 

 +���� ����� ����������*j = k+  

   ]���  N*~  ,��18  �:-,�  >��4���,��  ?2  ��  � d*�, ℓ+    <+S2  �1�D6�4g = 0  	��	  <E+�D6  �

  .a�@R4  >��4���,��  ��17  <E+�D6  !�  >a�V  �I+6  �

  ��  :-,�  !�  :2,A  >��4���,��� = 0    12�  ��  .'��

 �  :2,A  >��4���,��  g�;a  �'/�V<�  ��  :-,�  !  ��4�;6

  �� ,��,��  :�2,�E�  

19                                           � = �*ℓ + 1+   

�V�4 �� >��4��� <��E+� �.���4���   <� ��,W ��LA  �,�A

!��  .��3�  .-�  �4�D6  ��  .2	�!!��  ��  :�4  ���  � �� � ℓ � 	�  4�D6  .-  ��4(  !�  .�;� )W�	�  .2	�!  ���;��  �� ℓ � 0  .� �I+6 12�,��+� �'��  ��!�ℓ = 0 �� >��4��� �

�V�4� <� ��,W ��LA .�,�A  

� +�� ����� ���������*j ≠ k+  

   .� �:-,� >��4���,�� 1�@,A,e4�� ��]��� g�;a�18  �

.�  ��!�f = 0    �� <E+�D6 ?2� = 0  .� .���� ��	hC

.�  ��!�f ≠ 0  >��4���,��  <E+�D6  ?2  �<E+�D6  	�  �

  �� :-,� !� :2,A� = 0    �� .-)<*W �9�,2!    <��,�

  ��  �:-,�  >��4���,��  <E+�D6  ?2  	  (=�� = �f 

:�2���  

D*�, ℓ+ = ℏ√2# 

20      × Nh=*ℓ?	+4            ⇐    f = 0h4?i + =*ℓ?	+4   ⇐    f ≠ 0  
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  �'/�V  ,�  ��,�  �12�,��+��  <�  ��  ^2�,b  ��  ��4�;6

 :�2,�E� ,��,� ,��+�� 

21   N � = g � *ℓ + 1+                   ⇐ f = 0L �	 = g              ⇐ � = �f�� = �*ℓ + 1+ ⇐ � = 0    ⇐ f ≠ 0  

!���  � 32 � � � 12  �V�4 ��,��  <� U��2� ���LA =+-

.� .-�!�� ��!�  ^2�,b ��,� ,2! ���g  4�D6 	�  .2	�!  �� ℓ �V�4 �� >��4��� �'/�V ,� ���   :�,�A ��,W ��LA 

22       p� qℓ + ��r � g � � qℓ � 	�r ⇐  f = 0 
Q� �� � g � 	�    ⇐   � = �fℓ = 0              ⇐   � = 0    ⇐  f ≠ 0  

 ������������� ����� ���������  

     ��+2� ��>��4���,�� <E+�D6>D� �:-,� ���  ���	�4

.� ��<� <��,� ^�6,6 .��+- 

1- .� �+���� ,E4��;4 >��4���,��:�=S�  

23                                     d*�+ = bsℏ � + h4  

]��� �� N��]� �>��4���,��  12� ��,��22  ^2,b �g    ��

!��� �V�4 �� �� >��4��� �,2!� <� ��,W ��LA:=��  

24                     .� qℓ + 32r � g � � qℓ � 12r  

2- .� �+���� ,E4��;4 >��4���,��:.6	,� �=S�  

25                                   d*�, ℓ+ = � bs�ℏ �  

  .���4  ��  	  1�D6�4  ��:-,�  >��4���,��  12�g = 0 

.� �I+6 >��4���,�� 12�,��+� j'��  ��!�ℓ = 0  �V�4 �� � 

<� ��,W ��LA .�,�A  

3- >�;� >��4���,��- :�:-,� ,6  

<�  ��  �:-,�  >��4���,��  12�.�   �;6  g�;a

>a�V4�D6  .�  .����	  �9�  	�  U,b�  .2	�!  	  ��

 '�;4 <C�S�]9[ :  

26       dt*�, ℓ+ = u*ℓ+vt*�+; x = 1, . . . ,6  

4�D6 .� .����	 �9� � ( �� .-� .2	�! :�� '�� ,��,� ��  

27                                     u*ℓ+ = z�ℓ*ℓ + 2+, 

 � ( �� .-z�ℓ  �'�� X;� �=C  

28                                            z�ℓ = U �b{ℓ*|+
ℏ2*�ℓ?�+  

�=4���W�� 	g��*C ��:!� =4�  

29               

⎩⎪⎨
⎪⎧)ℓ*	+ = )ℓ*�+ = ℏ2}Eℓ2�b *2ℓ + 3+)ℓ*�+ = )ℓ*�+ = �)ℓ*	+             )ℓ*~+ = �)ℓ*�+ = 4)ℓ*	+           .  

�9� �1�+`�� <C�S� ���  >��4��� �:-,� >��4���,��

>�;�-�:-,� ,6  g��*C :!� =4�  

30                  

⎩⎪⎪
⎨⎪
⎪⎧ v	*�+ = tanh�z�ℓ*� + f+�v�*�+ = coth�z�ℓ*� + f+�v�*�+ = �tan�z�ℓ*� + f+�v�*�+ = cot�z�ℓ*� + f+�   v~*�+ = v	*�+ + v�*�+         v�*�+ = v�*�+ + v�*�+         

 .  

  <+S2  �Y	�  )��6v	*�+    '��  1�D6�4*g	 = 0+ .

 '�Sb	.�  �,E2�  )��;6  �=V  ��� ��!�                   S = z�ℓ*� + f+ g��*C:!� =4� 
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lim�→� v�*S+ = lim�→��� v�*S+ = lim�→� v�*S+ 
31        = lim�→� v~*S+ = lim�→�,�→��2 v�*S+ = 	� .  

  ��  12�,��+���[  Z��	�  ���LA31    	27  ]���  ���26  �

 >�;�  >��4���,��  �=V  '/�V-  ,6  �:-,� f�04  ��

.� 1�D6.� ,2! g�;a<� '��:=2( 

 lim4→=i d�*�, ℓ+ = lim4→��2=i d�*�, ℓ+  

= lim4→=i d�*�, ℓ+ = lim4→=i d~*�, ℓ+ 

32         = lim4→=i,4→��2=i d�*�, ℓ+ = ℓ?�4?i .  

.� ��!�f ≠ 0 � ��:�2��� f�04 12� 

33                                                   g = ℓ + 2  

]���  N*~  .���4  ���22�V�4  ��   .�  ���LA!��  ��!��   ,2!

.�<� '�� :=2(  

34                                           � 74 � ℓ � � 34  

.� �1�+`�� ��!�f = 0.� �<� '��:�2�	(  

35             �� = �� = �� = �~ = �� = 1  

  Z��	�34    	35    �Z2�,�  12�  ��  .-  '��  12�  ,E4���

c��>��4���,�� !� B�=->�;� ��� -�V�4 �� ��:-,� ,6 �  

<�4 ��,W ��LA  �,2! .=4,�A4�D6 ���;���  .2	�!  ��ℓ � 0  .'�� 

4-  <+/;- >��4��� 

 :!� '�� g��*C <+/;- �:-,� >��4���,��  

36                                  d*ℓ+ = bℏ2 �G�2�2���E*ℓ?	+   

  .���4  �� 	 .a�@  	��	 <E+�D6 =W�@ >��4���,��  12�g = 0  .� �I+6 >��4���,�� 12�,��+� j'��  ��!�ℓ = 0 

�V�4 ��� <� ��,W ��LA .�,�A  

�&������. 

   4����  ?2  ���  ?2.�[  ��=S�  O;4  !�  �� ��⁄  �

��4 	� .� <0�0V ZQ >- 1��D� ��=S���  �,�u  Z*6,�

  .����  ��.H���  z5�  ��  N��]� �=�    �9�  ��B	�  12�  �

)]W<�  ��_6�  <��E+�  �<0�0V  ZQ   =�.-  =�@�      α � ��  ��� �<�/�V 1�+d �� .=���  '�� ?2 �� .- ��

<�4 :A,� �'�� �=� )W�	 <E+�D6.� =4�;6  ,E2� '��

.� .- �2=2� 1�+`�� .=4:�  >4;6  ��!� � ��P�� � �  

�
2	K;Q ����=0�K	� �� 	 ��;� R2,S6  Y	�=�� ���

<�  >V '/�V  12�  ��,�  .�;�<�  ��  ?2  .-  ��2;A

  <E+�D6"'9�"  .� .�2�����!�  � 	� 
  � ��  ���@� �

Y�,E�4� ��=*� �� U�;[ 	� ,� .���4�� 	 ��	L�� ,2L�

<E+�D6 12� .� .'�� Y;*W >��W<E+�D6 ���  ���"B,4"  

<��
2	 1��S6 ��,� �!,� Z2�,� �12�,��+� j=+2;A  ,2��0�

�
2	  	  ���  !�  ��-	!��  	  =+���4  <@�-  �)��;6

1��S6�=�\�Q  <]Q  ^�-,6  ?2  U�9�4�  ��,�  ��  

.� .���=4 �;[	  ?�4�D� �� >�/� 12�<�;�4(;-   �Y	�=��

<� <a�Q ���=�W  �	:@� �� �I+6  �� .4���� U�+��  �;6

.���	( '��   ]13,14 [<� ^*� ��=�W 12� Y��C� .  �;�

  <0�0V �;5� .4 	 =3D� >Q�� .� �� ��� .4 �>��4��� .-

>��4��� .=+- )]W �� =4��� B,4 <E+�D6 O;4 12� .- <2��

  ��">��4�����LA ���"  <�<��E+� .=+��4  .- � � 	� 



67           �����	
 ����� ����� ��� �������� �������                                                     ������ �    !����"� �   

<� �=�3- <E+�D6  .�  ��� �=���.�  ��;�g��*C    �,E2�

.2��  '/�V  .���=4  �;[	  <��+��  �T,4�  ��  ��.�  ��!�  � ��  �
2	�
2	  	  ,2��0� K���+I�  f,�  !�  )��;6

.�<� '��.� �Y�V 12� �� .=+2(  ��!�� 	� 
  � �� �

<�4 ,�3�� ���=�W  �	:@�  	=� �� .P��  .�,- >V  �;6  

./�0� 12� ��    ?�4�D� !� ���_��� �� <�;�4(;-    <4��06,��

  ��	L��  	��	 >��4��� ?2 .- �2���  �34 ��⁄   !�

  .a�@   	��	  >��4���,��  ?2� �⁄  .�<�  '�� .=2(

.� >��4���,�� 12� !� .- <��4���<� '�� !��4  	=� �=2(

.� �<@�b� ���=�W .��[ ��-�;Q �;~�    �� 1�D6 ,��-

� ��E`�� 	 �=2:A,�  �!���   � � 	�  <�4  ��,W  .�,�A

>��4���,��  ���-	!��  12�  !�  ���_���  ��  �1�+`��  ���

1�@,A��,W Z2�,� 	 �:-,�  >��4���  >a�V �:-,� ���

 �� �I4( !��V�4 �� �.�2�,- <��,� ��LA  

:"����  
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