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Abstract 

In this paper, we study dynamical phase transitions of a random walker which moves on a one-

dimensional lattice with reflecting boundaries. The dynamical activity, which is defined as the 

number of configuration changes in a dynamical trajectory, is considered as the order parameter. 

We study the dynamical phases in the long-time limit by calculating the scaled cumulant 

generating function of the activity. It turns out that the system consists of six dynamical phases 

with both continuous and discontinuous phase transitions. Numerical investigations confirm our 

analytical results in the thermodynamic limit.  
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Dynamycal fluctuations1  
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3Dynamical activity 
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�
1	 01+�>�9�  01� .���� ;).�X ;?19�A +��c5 E' ��</�
  �� 0�� �� �+3' -, %��,|Λ∗�'�⟩   F@Λ�∗�'�|G E�23

;� �<*�+?��  _���D�  ���+�  %/�/D  ��  ����
.%��  ��F���  (-�.	�);1��3  ;1��3'  &�  <�*,  -X:5 -,

 ���N5 ;3:�����-�A�1    ��' = 0  _:45 +F�C �� +��+�
  �M. �%�� ;A��75 ;3��&Λ∗�' = 0� = 0   �� .%��

�
1	 01+�>�9� i�2� 0�.	� ;c*� %1��3  -� %)�3 ��</� '  ��  ' = 0   �� ���� %2F.	 %�.�NA Y+3 g�:�� �
�1�� %.�D  �1 ;C:3 ��</��1�� %.�D �� ;� ��<�� : 

3Quantum Hamiltonian formalism  
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8                                 〈�〉$:; = − -E∗�$�-$ <$:;  

  �<3���� E�<�� ;c*� 	 %)�� +1��/�'  +1��/� -� r:�+�
 ;C:3 +�w1  ;� ���� %2F.	 %�.�NA<���.    v�5+5 01<�

�<3���� E�<��  %)��  +1��/�  -,�    %�.�NA  Y+3  g�:��
  �1�� %.�D �� E' ;C:3 ��</� &� +�?t:, ���� %2F.	

  	  %�.�NA  Y+3  g�:��  ��<3����  E�<��  ;c*�  +1��/�
 �1�� %.�D �� E' ;C:3 ��</� &� +�>�9� ���� %2F.	

;� E�23 ��<��  ]5 	10 	12	13[.  

�3	�� 6�7�/ �"83'���� $�#( �#�9  

    ��  �+OV -� �1+5�� @1� × �   �� -, %�� <N�
  -1��(|1⟩, |2⟩, … . , |L⟩*    ��  i��O��O���7    �1��3

;�1+5�� ���� �� +1& :  

  

�� =
⎝
⎜⎜⎜
⎜⎛

−� � ��$ 0 ⋯ 0 0 0� ��$ −�� + �� � ��$ ⋯ ⋮ 0 00 � ��$ −�� + �� ⋱ 0 ⋮ 0⋮ 0 � ��$ ⋱ � ��$ 0 ⋮0 ⋮ 0 ⋱ −�� + �� ���$ 00 0 ⋮ ⋯ � ��$ −�� + �� � ��$0 0 0 ⋯ 0 � ��$ −� ⎠
⎟⎟⎟
⎟⎞

�  @1  ;3��&  _:45  +F�C  -��2�  �1+5��  01�  ���^�
-?)�  �	�  -,  %��  ����  %2F.	-�  ��  _:U�   ��

;� %,+D ;��?N3� ���&+�;� -�).� .<*,  %V� %�1��
 ;A��75  �1+5��  @1  �_:45  +F�C  01�  -,  �+,

;�3�
1	 E:*,� .<����
1	 	 �����+�+1��/�  ��    �� E��� ��
�� -, ��+?1	�   ]21�22-� �%�� �<� ���c��� [  %��

;��1�	' :0��:3 �� �  

9                                   ��|Λ�'�⟩ = Λ�'�|Λ�s�⟩  

	   0�A+> +R3 �� |Λ�'�⟩  = ∑ VW|X⟩YW:Z QT��N� �
  +� �,�DVW -� �� :%�� +1& Q�:d 

−� VZ + � ��$V[= ΛVZ                                  10 

���$VZ − �� + ��V[ + ���$V\= ΛV[                                                                11 

 
1Non-typical value   

���$VW�Z − �� + ��VW + ���$VW]Z= Λ VW                                                               12 

���$VY�[ − �� + ��VY�Z + ���$VY =ΛVY�Z                               13                               

���$VY�Z − � VY = ΛVY                               14   

  -,X   .��N�  ���12    +1��/�X = 3,4, … , � − 2    ��
;�  .�+1M�  _�D ;�  E�:5 %85  y:�  ����3  @�,  ��2 

�
1	� 	 +1��/� �-c.  ���VW �
1	 �� �� +{�*�� ������+�
-� �� +1& ���+�P�� Q�)��4� ;�D�� ��+� .��	' %��

;� j1+N5��*,:  

      . ` ≡ bcd ,    e ≡ 1 − fd ,   g ≡ 1 − hc  

 �� �<��� 0�A+> +R3 ��  

 VW = `W�i�j�jW − i�j�Z�j�W�    

2 Plane Wave Ansats 
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  ��+�X = 2,3, … , � − 1 ��X  	  ��  ���M>.��N�� 
?)� -3<� -� r:�+��12  ;��
1	 E�:5-� �� +1��/�  Q�:d

-� +1&��	' %�� :  

15      Λ�'� = −�� + �� + ��$ k� � �j + j�Z�.  

��X �� �o����M> :  

 VZ = l�i�j�j − i�j�Z�j�Z�  

 VY = m�i�j�jY − i�j�Z�j�Y�   

QT��N� ��11    	13   ;�E�:5    vJ�+xl   	m -� ��  %��
  ;, B+A 	 ��	'-c.�����  VW  �
1	  ���+�|Λ�'�⟩   ��

-� %�:3 +1& Q�:d :  

16                             VW = `W n�o�op�nFoqrGoqp
�Z�s�tp,r�Z�u�tp,v  

��X  ��  -����  ��  ���M>VW .��N�  &��16   QT��N�  ��
  �&+�10    	14  ;�.��N� E�:5�    +� �,�Dj    %)�3 	 ��

nFoqrGn�o� -� �� :��	' %��  

j[�Y�Z� =wFoqr,x,sGwFoqr,xqr,uGw�o,x,s�w�o,xqr,u� 17                                     

18              nFoqrGn�o� = j[ wFoqr,x,sGw�o,x,s� =
j[Y wFo,xqr,uGw�oqr,xqr,u�  

 �� -,'E  

 y�z, {, j� = �z + o|� ��$ − �{ j + Z}�  

;�.��N�  -,  �+,  �<��2�  E�:5 �   +�  �,�Dj  ��17�         2� + 2  s�:X  .����  s�:X -.��N�  01�  }x�	  ���       j = ±1  s�:X 01� �+1& �<*���3 _:)V =��V -, %��  ��
�
1	 �� +{�*��;� +cd ������+�  +F1� ;A+U &� .<*���

  +>�j  s�:X  O����17    ��F3'  �<���j�Z    s�:X  9�3

 %��*N� E�<� 01� .%�� -.��N� -,2 �    �<3���V�� s�:X
  -� +�*��  �
1	;� %1��3 �� .<� <*��:^ ��</�  E�:5

s�:X -, ��� E�23.��N� ����17    ��<C�  �1  	 <3&�A  �1
)��4� .<*��� ;/�/D�  s�:X-�  ��  @1 ��&��   0�N�

;�  ���  �%��  ��:��  <D  ��  ��  Q�)��4�  E�:5
 ;?���*1�:�+5� → ∞  -�  <D 01�  �� .�:�3  _�)3�  ��&� |j| > 1 %��� ����:^ ;/�/D s�:X 	�  

19             jZ = ��`�Z, g, '�,      j[ = ��`, e, '�  

 -,��z, {, j� -��:d;� j1+N5 +1& Q�:� .  

��z, {, j� = �$ �|[ +
}[ |� b�[$ �|[ + }[ |�[ − {   

��X  ��  ���M>19    ��15  ;��
1	  E�:5  +{�*��  +1��/�
  ;*N1ΛZ�'�  	Λ[�'�  -�  �� 0�*m��  .��	'  %��

�
1	 01+�>�9�s�:X �� +{�*�� ��</�  <D �� �&�A ��� � → ∞ -� :%�� +1& Q�:d  

20          Λc�n$��'� = −�� + �� + 2��$ k� �  

  E'  %45  -,  ;O1�+�Λ[�'�, Λc�n$��'�  ΛZ�'�, 
;� �:X:� .<� <��:^ ;��+� �<N� �8� �� <*���  

�:�� ;�#3
4! 6�7�/ �"83'���� 
� +��3	��  

    ���N5  ;3:�����  ��</�  �
1	  01+�>�9�  -�  -�A�1
~*�'��+� ���  ��</� 	 ;�:?�	+?�� ;2*,'    -����	

��  �8�  01�  .%��  ;�  _�)3�  %��V  	�  ��  ��  .��*,
  ��:� _	� %��V' ≥ 0  �� +{�*��)  � < |�|$:;  	 (

  ��:�  B	�  %��V  ��' < 0  )+{�*��  ��                   � > |�|$:;;� +R3 �� �� (�1+�>. 

�
8� � ≥ �  
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     ��:� ��' ≥ 0    +1��/� -� -X:5 �� -�D�3 -�', �, � 
;�  �<X  +F1<?1  &�  01+�>�9�  -�D�3  +�  ��  .<3:�

�
1	� -�A�1 ���N5 ;3:����� ��</� �Λ
∗�'�  ;�  -, ����3

g�� &� ;?1  ���Λc�n$��'�  ΛZ�'�, Λ[�'�,  <��:^
 -�D�3 -� 01� .�:� -�  ��&�� > �  -�  -N.�O� i�V� �:U

;D�:3  &+�  	  �<�    E���  ��+V  �	���  &�ΛZ�'� = Λ[�'�  �  ΛZ�'� = Λc�n$��'�  	  Λ[�'� =
Λc�n$��'� -�-� +1& Q�:d .%�� �<�' %��  

  ��  E��� ��+V �	���ΛZ�'� = Λ[�'�   &+� 0��N5 ��+�

�D�3  	��  Ι    	ΙΙ  � O����  fh = ���, '�  ����:^ ��
-, %��� ���, '�-�+1& Q�:d +N5;� j1 :�:� 

21              

��h,$�: �� � �q�� ��������F� ��Frq�� �G�� ���q���� �G]
�c�d��� ��h�k� d�h�c��q� �]�c]d�h����[ c��Z��� ��][ h�c�d��� ��  

  -�D�3Ι  -�D�3  01�  ��  :Λ
∗�'� = ΛZ�'� 

%�� 

22                 ' > Z[ �X �dc� , ���, '� < fh , � <
� �c]d����[√c dc���√c d    .                 	          

 ' < 12 �X ���� , ���, '� < �� .                 
  -�D�3ΙΙ  -�D�3  01�  ��  :Λ

∗�'� = Λ[�'� 
%�� 

23  � < � �c]d����[√c dd ���√c d ,     

���, '� > �� .                                             
   -�D�3ΙΙΙ  -�D�3  01�  ��  :Λ

∗�'� =
Λc�n$��'� %�� 

24  � > � �c]d����[√c dc���√c d  , 
� > � �� + ���$ − 2k� �� �$ − k� �  ,        
 ' >  12 �X ���� .                                

  -4cd  ��' = 0  �D�3  ��*5 �Ι  �  .����  �:X	- ��&�         ' > 0 �D�3 �II �D�3 ��*, �� �Ι   g^ �� -, �<� +��{

;��19��  ���, '� = fh  ;�  �<X  +F1<?1  &� .<3:�

�- -?3' �+��' > Z[ �X �dc�  ;��D�3 �:� �ΙΙΙ   ���1� 9�3

g^ g�:5 &�A 01� -, �<�  � = � �c]d����[√c dc���√c d    &�

�D�3�  Ι   g^  g�:5  	   � = � �c]d����[√c dd ���√c d   &�
�D�3�   ΙΙ;� �<X  <D �� .�:�' → ∞    -�D�3 -� 01�

;� ;V��;.�D �� <*3��  ;D�:3  ;1�<X -,Ι  	ΙΙ    g�:5
  g^� = �  �D�3 ;1�<X �� ΙΙΙ&�Ι    g^ g�:5� = � + �  �D�3 ;1�<X 	�  ΙΙΙ  &�  ΙΙ  g^ g�:5� = � + �  ;� ���� )=?� i��O� .�:�1-  ���&�A @�?c5 (j.�

-� ��F���  %)�� 682� ��</� ��&�'    ;?2� r:O  ̂��
  <D �� -, %�� �<� 682� ~3�' → ∞    r:O^

-� ~3� ;?2�g^ r:O^ %��;� =�� 0�t<**,.
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�� ������    $��#��� ��%�
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        j.�  s  

<��1.  -� ;?���*1� ���&�A @�?c5 ��&�� = 1.5, � = 0.5=?� �� .  j.�:  -� ~3�+� r:O^  ��&�' = 1  -O/3 r:O^ 	-� 0�t  ��&�' → ∞ s =?� �� 	: -� ~3�+� r:O^  ��&�' = −1  -O/3 r:O^ 	-� 0�t  ��&�' → −∞ �� �<� ��� .%  

  

�
8� � < �  

     -�D�3 9�3 ��:� 01� ��' < 0    +1��/� -� -���', �, � 
;� @�?c5 �9�� -�D�3 -� -�  �� �� -�D�3 -� 01� .��+>

Ι�    �ΙΙ�    	ΙΙΙ�  ;� �1��3�1+� �:X	 %C .���� 01� ��

  �
1	 01+�>�9� �� +{�*�� ������+� �
1	 ���A� -, %��
  -�D�3  	�  ��  -�A�1  ���N5  ;3:�����  +1��/�0s    	

0s   ;� 91����  =�7c5 -� �<N� �8� �� -, <���
-� (X��  01� ���&+� .�+, ����:^ %)4d �:x:� 01�

;� �� -�D�3 -�5-� E�:-� i�V� �:U @�?c5 +1& Q�:d
 :�+,  

  -�D�3  Ι�  &�A  01�  ��  :Λ∗�'� = ΛZ� �'� 
;� <��� 
25 

� > � �c]d����[√c dc���√c d , ���, '� > fh   
 -�D�3  ΙΙ�  &�A  01�  ��  :Λ∗�'� = Λ[� �'� 

;� <��� 
26 

 � > � �c]d����[√cdd���√cd , ' <Z[ �X �cd�   , ���, '� < fh                    
 -�D�3  ΙΙΙ�  &�A  01�  ��  :Λ∗�'� = Λc�n$�� �'� ;� <��� 

� < � �� + ���$ − 2k� ���$ − k� �  ,   
  12 �X � �� � < ' < 12 �X � 4 � ��� + ��[�. 
 	  � < � �� + ���$ − 2k� ���$ − k� �  ,       
  ' < 12 �X � �� � , 
 � < � �c]d����[√c dd ���√c d  .                          

;� 9�3  -�D�3  01�  ��-�  ��  &�A ���:�3  E�:5 +1��/� ��&�
 ;c*� 0�N�'   .�+, j�d:5  

-���&�   Z[ �X � � c d�c]d��� < ' < 0    -�D�3 ��*5Ι�    �:X	

�  .����-  -?3'  �+��' < Z[ �X � � c d�c]d���    -�D�3  ��:�
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ΙΙΙ�    -�D�3 Q�	��� ��Ι�  ;� +��{  01� -, �:� &�A 	�

 g^  g�:5� = � �c]d����[√c dc���√c d    �<X  +F1<?1  &�

;�  ���, �� .<3:�'    ��</� &� Z[ �X � cd �    -�D�3ΙΙ�    9�3

  g^ g�:5 -, �<� -A�x�� = � �c]d����[√c dd ���√c d   &�

  -�D�3ΙΙΙ�    g^  g�:5  	���, '� = fh    -�D�3  &�Ι� 
;�  @�?c5 =?�  i��O�  v�5+5  01<�  .�:�)1- (s  

-���&�  ' < Z[ �X � cd �    %��� <��:^ �:X	 -�D�3 -�
  %�� �<� ���� ~3� ;?2� r:O^ �� ��3' @�?c5 -,

D  ��  -,  <' → −∞  -�  ~3�  ;?2�  r:O^  %��
;� =�� 0�t g^ r:O^  �+��� ��A -?*1� ��+� .<**,

  ��  W1��3  ������  -����  _<�  ;?���*1�  &�A  ���^��  &�
;��D�3 	� +� �� E�:5�  %)��  ;c*� 	' -�  @1 Q�:d

=?� i��O� �<N� -� ;?���*1� &�A ���:�32    �<��2�
 .�+,  

  
<��2. _<� �<N� -� ;?���*1� &�A ���:�3  ��� = 1, � = 3 .  

-� -X:5 ���
1	 01+�>�9� ��+� ;/�V� Q��)C -?*1� ��</�
  ;?���*1�  ��&'  �n+3�  �/3  ��  -�A�1  ���N5  ;3:�����

  %�� �� ��F���N.�O� ��1����    ;?���*1� ���&�A ��M>
  .%�� +1M� E�?�� E' ;�45 ���^�� �	� &� ��F���
  ���� %2F.	 ;?���*1� ���&�A ��M> E�:�� -?*1� ��+�

  �+A �� -, ��<N� -� ��eA 01� �� ��-�.	�� > �  
-�  ���  }�x:5  �%��  �<�  ���  &�  ;*�N�  +1��/�  ��&� �, �    �:4� �� �&�:� ;U:O^'  +R3 ��  ;� 01<� .�1+�>

-�  ��  ��F���  ;?���*1�  ��&'  �n+3�  ���A�  v�5+5  ��&�
~*�'  &�  ;782�  +1��/� +������  +��P5  ��  ���M>  ���

�*,  _+'  ;�  ;��+�  01�  ������  ��  %,+D  ��  .��*,
��</� -�  -��� r:O^�    	�  ;�  &�A  @1 &�  ��*5  E�:5

  &� �1 	 ;?���*1�  .�+, �:)C ;5	�c�� ;?���*1� ���&�A
  �1  _	�  Q�/�2� ��  ;F��:���3  �:X	 -,  %�� }x�	

_+�*,  +������  -�  %)�3  ;?���*1�  ��&'  �n+3�  B	� ' 
&�A  ��M>  �:V	  &�  ;,�D���  )5+�  ;?���*1��   _	�

) B	� �1 (-��:��) -��:���3;� (  ;D�:3 &+� �� .<���Ι 
	ΙΙ   )Ι�   	ΙΙ�(    @1)5+� &�A ��M>�  -� _	�  ��&�' = '�   	

  &+� ��;D�:3  Ι  	  ΙΙΙ   )Ι�  	ΙΙΙ�  (  	) ;D�:3ΙΙ    	ΙΙΙ (
)ΙΙ�   	 ΙΙΙ�(  &�A ��M> ���  )5+��  -� B	�  �� v�5+5'h   	'f 

;� �<��2� _+�*, +������ ;3�+4� +1��/� .�:�'   01� ��
&�A ��M>��� -� ;?���*1�&� %�5��)C v�5+5 :  

28  '� = Z[ �X � �hd�fc���h�f���h f�d�c�]hd��fc�� , 
'h = �X ���� � − 2 �� − � − ��,                               

'f = �X ���� � − 2 �� − � − ��.                              
+1��/�'� , 'f , 'h    +1��/� -� -����    	�  ;�  �� <*3�:5
  -�D�3' > 0  �1' < 0  .<3+�> ��+V  

  #�?@/  A?2#!  ���3��  ��������  �����	

�:���3	�� 6�7�/ �"83'���� ���
��#!  

   ;�  E:*,�  ��M>  �:X	  +�  ;*)�  �:^  ��C��  ����:^
&�A���  -�  ��  ��  ;?���*1�  ������+�  �
1	 E��	'  %��

  +F�C zt 	 %�����    0���� %�� �� �� .��*, Q�)��
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�
1	 -�A�1  ���N5  ;3:�����  zt  	  %���  ������+�  
;�E�:5  ��� -, �� ��F��� ;?���*1� ���&�A ��M>  �� +5
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