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Abstract 

In this paper, we aim to investigate the relationship between the thermodynamic phase of a 

charged anti-de Sitter black hole and the dynamic behavior of scalar perturbations around it. To 

achieve this goal, we first examine the thermodynamics of the charged anti-de Sitter black hole 

and analyze the isocharge phase transition between small and large black holes. Next, by 

considering a scalar field within the background of black hole, we solve the Klein-Gordon 

equation using the shooting method to determine the frequency of quasi-normal modes. Finally, 

we compare the behavior of the frequency of quasi-normal modes in the small and large black 

hole phases, demonstrating the distinct slope of the imaginary part versus the real part curve in 

these phases. This suggests that the thermodynamic phase and phase transition of the black hole 

can be identified through the dynamic properties of scalar perturbations around it. 

Keywords: Anti-de Sitter black holes, Isocharge phase transition, Real scalar field, Shooting 

method, Quasi-normal mode 
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  ���/!� ].� ��U�  �� +��I�����3�1  $0�2  �/� �
� �
 .@
� 

7���  �� (% �3R$0�3  (�&� �/!� �3{  �	Y�1 ��3�
&�P  a1�  eO) (H	8  ��U�  J3�+� ��/!�  ].�  ���

	Y�1  -83%�   �+M  a1�   eO) - (V*1(H	8    (� J3�+�
��U� ���F,  �V*1  ��  (%  @
�  W� �  ��/!�  ].�  ���

&� n� �91P H	� 6�. +		k>./��  

  

8-�1.  v+1�  ���3�1�  ,  ��6P	�K  (�  ���  \�Y+���6�  ������   .m��u�
�����3�1�   eO)  �+M8	H�P  ((/��� eO) &  (�>+> 	\   (� J3�+���*�!+ 

���  ! = 0.10    ! = 0.09  1�+=� ��� 6� +��%)&  K
 ���3�1  ��3� (
 (V*1)8	H  ���  (�  J3�+�  (! = 0.15   W� �)1�+=�  ���  6�  +>&  .@
�  (


  ���3�1	��  eO)- (V*1�  �����3�1  .@
�  &1�+=�  ���  (�  J3�+�  (H	8  (
 �{�  �3SI�(��_  &�%  ��3�4  �3=�  ���
��  ��  �+!3L>  7/�  +> �_

�/� ./1� 
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���3�1  ��  )  ��/!�  ].�  ��U�  \�Y+�  ���$0�3(  �
7�'1  ���3�1  \	�  ].�  (�  @K�1  ���  <�+		k>  �/I��

��/!�  �@��i  ���  ��  A /0
/��B

+
    .@
�  6��+5!�  Q+R 

  ���  (�  @K�1  &�+�1P  <�+		k>  ��  &!��+,  @	.+�

  \
�I����3�   )C+ = ' A/D
/0B+(  &�+�1P     	1    ��

 \
�I�� ��/!� ].� �V
 �@
� (�	�1 ��:  

16                     .  A/D
/0B+ ∝ A/��

/0 B+ = A /0
/��B+

F,
 

 H!�+��I�    ���3�1 \	� @�;4' − 
�  &[I� �! @K�� �
  7�3�&!��+,  @	.+�  &� H		U>  ��  (%  /	I%  @M�)  /I%

  ���6�. �� �~3. <�=	{3> (� (_3> �� .(@
� @K�� ���
��	
()�8  &Y�31) W� �  -83% ���&�P     �+M  6� (

  (% &!��1P���3�1 \	�  ' − 
�   @
� @K��  $0�)3(  �
  @K��  &!��+,  @	.+� &!��+,  +S1  6�  (1���
    ��3�

 .@
� ��/!��  

$0� ��4    ��+� ��� \�Y+� �K	, ��6P �v+1� ���3�1
 .@
� �/� �
� &1�+=� �V*1  ��    �@)�Y H!�  �	Y�1  �+M  

a1�  (/��� eO)    ����3�1  6�.��	
()�8   -83% ���
  �	Y�1&�P  a1�  eO)(H	8  ����3�1    6�.��	
()�8  ���

 �� W� �7�'1 &�./��  
���3�1  � ��/!� ].� ��U� \�Y+� ���$0� �� +��I�4  

  	1$0� ��5 � �/� �
� .@
 

7���  (% �3R  6�$0�5   ��F, $=� �� �@
� �u'�
6�.�    ���3�1  \	�' − 
�  p  +[  �/�  �(�	�1  ��    ��

�V��� (� (_3>16  &!��+, @	.+� �(V*1 H!� �� �+,� �
&�.�3�   (% @
�IU� 7�/� H!�  �(V*1 H!� ��   �� &!�+,�

K>+� ]�'��    2���6P �v+1�  �K	,  ��� \�Y+�    �3_
����    /	I%  @M�)- = − A/G

/0B+(.  �(�	�1  ��    �V*1  ��
�&1�+=�  K>+�  6�.  ��F,  -!�  2�  ��	
  H	�()�8  ���

 W� �  -83%  .@��� �	��3O    (_3> �� �H!� +� �;4
  ].�  ��U�  \�Y+�  ���  ���3�1  \	�  7�3�  @K��  (�

��	
  ���6�.  ��  ��/!�()�8 W� �    -83%  ���

8-�3. � ].� ��U� \�Y+� ��� ���3�1! ��/ $0� ���3�1 �� +��I��2. 

0�$4.  v+1�  ���3�1�  , ��6P	�K  �+�  ��� \�Y+��  
	��)�8�  
����	�� 
(� ��������6� ��� &1�+=�  ! = !3 ≈ 0.13. 

8-�5. � ].� ��U� \�Y+� ��� ���3�1! ��/ $0� �� +��I��4. 

8-�2. v+1� ���3�1� , ��6P	�K �+� ��� \�Y+��  ���Q=0.10 . 
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$0�)5  &!��+,  +S1  6�  6�.  �  +� ��  (1���
 �( ��/!��
 .@
�  

��� ����� ����� ������  

   ��+1 N;�O� -! �/��� �u� H!� ����	
 N3Y ��  �)�8
  ������&�  +S1  ��  (�	
����  ���/�  �X
  .�!+	,

(K�N��+1  (R3�+�  (� ��  E� 6� ���[�
� �� ��/4 <�3p
&��>+� (�&� @
� .�!�P  
��+�  N;�O�  ��+1  Q�+R�  ����	
()�8�    &_3�  `��>

(�<�3p :  
17                            ,  H(
, �) = I(
)J−KL� 

 &� +S1 ��  .�!+	,H!;% �)��U�-  7��3,+� �%�Y    -!
��+1  7�/	�(�  +[p 2+_ ��  &*	*Y �� 7�	�  +!6 <�3p

&� :�3�  
18                                       . MNMNH = 0 

  e��� 6� ���[�
� ��17    18    -!+�� H�.+, +S1 �� 
��	
 �h. �� ()�8-�V��� �� (% �/U���98 7��61    ����

�u� �@
� �/�  &4�U�  H!;% �)��U�-�3, �� 7�
  ��+	k��  �6�
�/_  N��4�  6�(�(�  +!6  <�3p  @
�

&�:/!P  
19  

IOO(
) + P �*(�)
�(�) + �

� Q IO(
) + R�S(�)
�(�)� = 0 . 

)��U�  H!�  $Y ��+��    ��  �6+�  e!�+� /!��  $	�1�+[!�
  N��4�.�	I%  &� �� &0! �6+� J+� �  �+5!�  @!�91

  ����	
 ��/!�  ].�()�8  .@���  �	��3O  &�  ��@!�91  
l3�  `��>  I(
) → 0   &�(%  �+8  ���  &�  @�!��

  ��/!�  ].�  ��  ./���  �/! 5!�_
 = 
� (_3>  ��  �
(�  (0I!��(
�) = 0  �@
�  �)��U�19  (� $	�*> +!6 $0�

&� :/��!  

IOO + �*
� IO + R�

�� I = 0 20                         

(� 7P t�3_ (%  <�3pI(
) = J−K U L
�(
)�
   /��3O

�3�6�� �� .    m!+U>I(
)   (�  <�3pI(
)J−K U L
�(
)�
  �

�)��U�19 (�&� �� +!6 $0�:/!P  

IOO + I′ P�*
� − �WR

� + �
�Q − I �WR

�� = 0. 21        

  ���/!� ].� �� 7P �6+� J+� (%I(
�) = 1   /��3O
  -!+��  `��>  7���  ��+M  ��  .�3��(
)  �V���  ��21    

  7�3�1  H! 5!�_��+������&�  � ���/�  /����  7�3>
(K��� N��+1 &��>+� E� 6� ���[�
� �� (� .��P @
�  

l3� `��> &1��6 @	U��>  H  (�<�3p  JFWRX  &� ./���
7P  6�&!�_(K�  ���/�  /����  (%N��+1�   @
�  e��u� �  

L = LY + KLZ!��� �:�  
JFWRX = JFW(R[\WR])X = JFWR[XJR]X 22          

�  ��~3.  �V���  /����  &*	*Y  @��M�  LY�    �v+1�  ��
  .@
� \
�I�� <���  �&.+R 6�  &�3�3� �u� @�;4

/�����  LZ�    H		U>���/!��  �/II% /  &0	��I!�  ���/!���1
��	
()�8   @
��  (���3R  (%+,�  LZ < 0  >  �/���  `��

  +,�    @
�  ��/!��    ��3�  &!��1  &!�+	�  �����  l3�
LZ > 0      ��3�  &!��1  /��  �����  l3�  `��>  �/���

��	
 .@
� ��/!���1 &0	��I!� +S1 6� ()�8  

���� ��	 � ���� ���< 
��	
����  
     ��$0�31  ����3�    ��/!�  ].�  ��U�  \�Y+�  ���

��	
  ��+�()�8K>+�  6�.  ��F,  (%  ���   6�.  H	�  N�
��	
()�8 &�  (�+�>  ��  W� �    -83%  ��� �
�  /I%

 ��6�. ��/=�  �/� .@
� �/� �u'� 

N/_  ��1�   /����(K�  ���/�  ���;�O�  N��+1  N
��+1��  ��	
  Q�+R�()�8  ��	
  ���6�.  ��()�8���  

/4  $Y  6�  (%  W� �    -83%H!;%  �)��U�  ��-
(�  7��3, (K
�=�  &��>+�  E�  �/�/1�  �/�  ���P  �

  .@
�/�������  (�  J3�+�  &*.�  eO  �^��   6�.  
��	
()�8  -83% ���    (� J3�+� &*.� eO H	!��  6�.
��	
()�8&� W� � ���./I��� 
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���=1.  (K� ���/� /����  N��+1��	
 ���6�. ��+�()�8  -83% ���
�� W� � ���  ! = 0.10 < !3  

_ T  `a 

0.2293064743 - 0.04925930644 i 

0.2293011071 - 0.04941607506 i 

0.2292961062 - 0.04957530461 i 

0.2292914357 - 0.04973696420 i 

0.2292870617 - 0.04990102143 i 

0.2292829522 - 0.05006744235 i  

0.0268 

0.0269  

0.0270 

0.0272 

0.0273 

0.0274  

1.79 

1.80 

1.81 

1.82 

1.83 

1.84  

0.2475912666 - 0.1824697781 i 

0.2476816743 - 0.1827389314 i 

0.2477722914 - 0.1830080754 i 

0.2478631176 - 0.1832772099 i 

0.2479541531 - 0.1835463353 i 

0.2480453978 - 0.1838154520 i  

0.027570 

0.027579 

0.027588 

0.027596 

0.02760 

0.02761  

6.84  

6.85 

6.86 

6.87 

6.88 

6.89  

~3.  N/_�  ��	
  6�.  ��+�()�8�-83%  ���   7�'1
&���	
  ��/!�  ].�  ��U�  �!� .�  ��  (%  /��  �()�8

/���� &*	*Y @��M  @��M ]�V��/M  (�.�! ���% ��
&� �/	�  �!� .�  ��/����  &�3�3�./I%  ��IxH	�    ��+�

��	
 6�.()�8W� � ����  &� 7�'1 7/� W� � �� (% /��
  @��M ]�V� �/M  &*	*Y @��M ���/!� ].� ��U�

/����  &�3�3�&�  �/	�  �!� .�  ��./II%   H!/�  H!�
(%  @
�IU�  ��	
 ��()�8���   /-83%W� ��  &1��6 (%  
��	
  �6�/1�  ()�8 .�&�  �!�/��!�    <^;�O�  �v+1�

��+1��   /+��%&� +�'	�(� +S1 .�3�  @��M @�;4 (0I!�
/���� &�3�3���    �@
� &[I��N;�O�  ��	
  �+	�()�8 ��

 @=>    7P �!� .�  ��  ./I���  ��/!��  &0	��I!�  +S1  6�
�6�/1� /��	
 ����()�8W� � ���  -83%  ]�V� �/M �

  /���� &�3�3� @��M  &!�+	� (�	�1 ��  (�.�! �!� .�
� @4+
 �� <^;�O�&� n� �+�'	 ./��  

(�  (_3>  ��(K�  ���/�  (0I!�N��+1�  �Lu'�  ����/p 
��	
 ]  /I���  ()�815&�  ��S�1�  �[  6�.  ��F,  (%  ��
��	
  �� ()�8  ���.�.�3� �0UI� ��/� H!� /����    @��M

&�3�3��  Im(L)  \�Y+� �j&*	*Y @��M�  Re(L) �

/����  /�(K� �����	
 6�. ��+� N��+1()�8  -83% ���
$0� �� W� � ���6    7�/� �
� �   @
�  .  (1351���

&�  �/��'�  (%�3�  �����  �����3�1  H!�  � \	����  
./I��� &>�[�� 1 H!�7�' &�/��  (%  ��/� /���� ���.�

��	
  ���6�.  ��+�()�8  <�[��  W� �    -83%  ���
  ��3�   ��0UI�/II%  ��	
  &0	��I!�3�+>  6�.  ��  ()�8

 <^;�O� &0	��I!� ���.���+1�� 7P Q�+R� .@
�  

N/_  ��2�  /����(K�  ���/�  ���jN��+1    <^;�O�
��+1��  ��	
  Q�+R�  ��()�8W� �    -83%  ���   (%  

&1�+=�  @)�Y  ��+�  ! = !< ≈ 0.13   (K
�=�
�/�  �/1����P   @
� �/�  . /�������    &*.�  eO �^��

��	
  (�  J3�+�()�8  &*.�  eO  H	!��    -83%  ���
��	
 (� J3�+�()�8&� W� � ���./I���  

8-�6.  ��/� /���� ���.��   (K�N��+1  ��+� 
	��()�8���  � .-83%	7�0�� 
7�'1/I��� � .� @9_!� 6�/1�� 
	��()�8 ./I��� 

8-�7. ��/� /���� ���.�� (K��+� N��+1� 
	��()�8��� � .W� �	 7�0�� 
7�'1/I��� � .� @9_!� 6�/1�� 
	��()�8 ./I��� 
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���=2.  (K� ���/� /������+� N��+1  ��	
 ���6�.()�8   -83% ���
W� �   ���V*1 &1�+=� .  

  

N/_2  �()�x��	
 6�. ��+�-83% ����    7�'1&� /��
��	
 ��/!� ].� ��U� �!� .� �� (%  @��M �/��� �()�8

&� �!� .� �X
  (�.�! ���% ��/���� &*	*Y  ./��!
/���� &�3�3� @��M ]�V� �/M H	Ix��  �!� .� �� ��

&�  �!� .�  ��/!�  ].�  ��U�  6�.  ��+�  ./��!
��	
()�8&� �/��'� W� � ��� 7/� W� � �� (% �	I%

�/!� ].� ��U�  @��M ]�V� �/M  &*	*Y @��M ��
/����  &�3�3�&�  �/	�  �!� .�  ��  ./I% 7�3�  &[I�

7�'1  �/����  &�3�3�  @��M  @�;4  ���/!��  �/I��
��	
  &0	��I!���+1  <^;�O�  @=>  ()�8  .@
�  ��

  �H	Ix����  6�.  ��	
()�8�!� .�  ��  W� �  ��� 

 /�6�/1�  <^;�O� �v+1� ������+1��  ��	
 Q�+R�   	1 ()�8
&�  �!� .�./��!  (���;4  �/1�  �!� .�  �� /�6 ����

��	
()�8 /���� &�3�3� @��M ]�V� �/M �W� � ���
  @4+
  ��  <^;�O�  &!�+	�  (�	�1  ��    (�.�!  �!� .�

&�  n� �+�'	�/��.  �+5!�  �3
 6�  ���	
 �()�8  ���
-83%�    �!� .� �� /�6�/1�  <^;�O� �v+1� ����1��+�� 

��	
 Q�+R� ��&� �!� .� �X
  ���% �/��� ()�8./��!  
�H	Ix��  �6�/1� �!� .� �� /��	
 ����()�8  �-83% ���

    (�.�!  �!� .�  ��/����  &�3�3�  @��M  ]�V�  �/M
&� n� �+�'	� @4+
 �� <^;�O� &!�+	� ./��  

���3�1 73I%�    &�3�3� �u�Im(L)  ��  \�Y+ �u
  &*	*YRe(L)  /� /����(K� ���  ���6�. ��+� N��+1

��	
()�8&1�+=� @)�Y �� W� �  -83% ���  ��    ��
$0����8    9  &� &
�+�  .�	I%$0����8    9   7�'1  

&���I/  (%  ��	
  6�.  ��+�  ��/�  /����  ���.�()�8  ���
-83%�  6�. ��F, �V*1 6� �� J�*1 ��+��  ���.� ��    /����

��/� ��	
 6�. ��()�8.@
� <�[�� W� � ���    

H!�+��I�K>+� 6�. ��F, ��+� ��     	1 &1�+=� �V*1 �� 2�
&�7�3>  ��	
  &0	��I!�3�+>  6�.  6�  ��  ()�8  �� ���.�

  <^;�O�  &0	��I!���+1��  �  ����+  ��	
 H	U�  ()�8
�3�1 �� ���6�. ��F, +i� &
�+� �� .��  ��� �� ��'.

&1�+=� �V*1  (K� ���/� +�N��+1  ���6�. �� ��/� ���.� �
��	
()�8&�1 +		k> W� �  -83% ��� ] /I%20 [  ��� .

_ T `a 
0.2202905177 - 0.06716516413 i 

0.2202436910 - 0.06755345786 i 

0.2202102160 - 0.06795610245 i 

0.2201936826 - 0.06837546814 i 

0.2201960825 - 0.06881449073 i 

0.2202179155 - 0.06927607435 i 

0.2202585229 - 0.06976266873 i 

0.2203164622 - 0.07027605737 i 

0.2203898771 - 0.07081731788 i 

0.2204766939 - 0.07138685861 i 

0.2207686346 - 0.07309645065 i 

0.2209200427 - 0.07393963150 i 

0.2210470021 - 0.07464180630 i  

0.01779 

0.01866 

0.01944 

0.02014 

0.02077 

0.02134 

0.02186 

0.02231 

0.02273 

0.02310 

0.02402 

0.02426 

0.02448  

1.99 

2.03 

2.07 

2.11 

2.15 

2.19 

2.23 

2.27 

2.31 

2.35 

2.47 

2.51 

2.55 

0.2421995565 - 0.1718518014 i 

0.2424605849 - 0.1726479644 i 

0.2427233289 - 0.1734441387 i 

0.2429877908 - 0.1742403275 i 

0.2432539731 - 0.1750365339 i 

0.2435218781 - 0.1758327615 i 

0.2437915081 - 0.1766290137 i 

0.2440628655 - 0.1774252943 i 

0.2443359527 - 0.1782216075 i 

0.2445189719 - 0.1787525036 i 

0.2446107708 - 0.1790179577 i 

0.2447949466 - 0.1795488795 i 

0.02690 

0.02692 

0.02695 

0.02697 

0.0270 

0.02703 

0.02705 

0.02708 

0.02711 

0.02712 

0.02713 

0.02715  

6.40  

6.43 

6.46 

6.49 

6.52 

6.55 

6.58 

6.61 

6.64 

6.66 

6.67 

6.69 

8-�8.  ��/�  /����  ���.��  (K� �+�  N��+1�  
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