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Abstract 

In this study, the exact black hole (BH) solutions of Brans-Dicke (BD) theory were obtained under the 

influence of power-Maxwell nonlinear electrodynamics. Since the Jordan frame field equations are highly 

nonlinear, they cannot be solved directly. Using the conformal transformations, we translated them to the 

Einstein frame, where the field equations are decupled, and the theory is the well-known Einstein-dilaton 

(Ed) gravity. Through solving the equations, three novel classes of Ed-power-Maxwell BHs were 

introduced. After calculating the thermodynamic quantities, using the appropriate approaches, we showed 

that the first law of BH thermodynamics is valid in the Einstein frame. Also, thermal stability of the BHs 

was analyzed using the canonical ensemble method. The exact BH solutions of BD-power-Maxwell theory 

were obtained from their Einstein correspondence by applying the inverse conformal transformations. We 

showed that thermodynamic quantities remain invariant under conformal transformations. As the result, 

thermodynamical first law is valid for the Jordan frame BHs and, their thermal stability properties are just 

like those of Einstein frame. 

Keywords: Four-dimensional black holes, Jordan frame, Conformal transformations, Thermal stability, 

Nonlinear electrodynamics.
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  B' �� -,W = 2(1 − 1)U    �-�  ��&�1 = 1  .��]
�16  

  U8,�
  �!:��  B��/�
  <�
�*!��+�>.�-	��2  �� 

9
:��.    -, �8� -N84$(ℱ, J)  -� -P2' �� �:
' %��

  �:
' 0�1�� �����, �� -,%�� [��a�
 9,:2� %��  

 ]17 [ .  

/��0 ��������  ���  �  �� /������  

 &�$1���  

   �*,  I���  &�13  -�  %)2B�:�
  �i��7
  ���

-� %,+` [\��]
-� +!& [�8c9
 %��:*!'  ]17 [ :  

17                            ∇5X/ℱ$(ℱ, J)
58Y = 0  

18                        4∇U∇UJ = OZ(P)
OP − /P$(ℱ, J)   

  ℛ+, = 2/+J/,J + �
" �+,�I(J) − $(ℱ, J)  

19        +2ℱ/ℱ$(ℱ, J)% − 2/ℱ$(ℱ, J)
5C
,  D.  

  ��+, B��/�
  <!+�
 <! &�  {8= [\��]
 _` ��+�

-�9
 ���a��� +!& [�8c��*,:    

                  &[" = −\(])&^" + \(])��&]"  
20     +]"_(])"(&`" + sin" ` &d")  

  B' �� -,\(])  �_(])   -� :!��  &� 9]��84 [�8c]    0��]4

  .:28�  -, �8� -N84_(])    B�12 � :]� B�:� (��4 <!

:*���    ��  .%��  -�:*�  ���  +�  B84b!�  B�:�
  [�+Y�

  B��� ��+Q_(]) = 1  .��]
�20   ��+, B��/�
 <!+�
 -�

9
  _��/4  0��1�2�  �2�+;  ��.:��!    0!�  ��<!+�
  


 ~-a.�2�+; B�:�
 ���19 -�9
 �� +!& [�8c:*!':  

eff = \′′(]) + 2 L�
h + ij

i M \7(]) + I(J) −
$(ℱ, J) = 0, 21                                             



    ����� ��	
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22    ehh = eff + 4 LJ′" + i77
i + "ij

hi M \ = 0,  

            ekk = ell = 2 L�
h + ij

i M \7 + I(J) 

              +2 m �
hn + oij

hi + ijn
in + ijj

i p \ − "
hnin  

23     +(21 − 1)$(ℱ, J) = 0.  

 
 �G*4 ~a.�  9
 �� �����= �82�4 +ac +�XB�84  d`+� �

U�+A�2� %��Y  �+�;q� .��]
 _` &� �17 -����' %�� :  

24           .  1 ≠ 1
2               
fh = s

�hnintnuv%
wnxyw

 ,  

9
  B�12 B�84[\��]
 -, ���21    �23  :*��2 _/�
 

 ]29 [.��]
 M�8N g\��  :-,  %��*]
 B�:� 0!�  .�23    ��

.��]
�21   9
 {:c-� �&��2 � :*,  _`.��]
 0!��  N��� 

  ?��_/�
  [\��]
  ��:]4  g��2�Y  .%�24   ��:]4  �

[\8G	
5   _>1
  0!�  _`  ��+�  .%��_(])  �� 

 %��Y d`+�  z -�9!��2 [�8c 9
 M�7�2���*,:    

25                                         _(]) = T�P(h).  

  9�)Q  �����,  ��  9,:2�  M�7�2�  0!�  -,  �8�  -N84

 ] %�� [��a�
17  .[  �� [�8c 0!� ��-� -N84 [\��]


21  �22 �!���:  

26                                     J(]) = { |� L}
hM,  

 B' �� -,~    � %)�
 %��Y <!{ = z(1 + z")��  .%�� 

.��]
  -�  -N84  ���14    �!���� = L~
]M"�{

    B�:�
  �

9
  +ac %!�G*��  ��  9>! �=  +.�>��.�8�    ��  0�*P��

V��� &� ���a����  
fh = −/].^(]) 9
��� B�12 B�84:  

27             .f(]) = − ("0��)sh
nxy�
nxyw

"0�'("(�(�){ Lh
}M

n(��u){
nxyw  

  0!�+��*�  ?&\  s+�  ��  9>!+�>.�  _�2���  ->2'  ��+�

 �8� +ac %!�G*��[��)@   %��&�:  

28                                 "0�'("(�(�){
"0�� < 0.  

-�  ��&�1 = 1  -� {8= s+�[�8c  z" < 1  9
 ��  :!'

 ]16.[    &� ���a��� �� <*!�.��]
�25  ��  [\��]
18    �23  

�!��� �+)N [�)��3
 ?�	2� &� ��:  

\7(]) + ��"z{
h \(]) = h

"(��z{) � "
hnin −

I(J) − (21 − 1)$(ℱ, J)%, 29                           

                           
OZ(J) 

OJ − 2zI(J) + oz
hn T−2zJ(])

  

30    − "D ("sn)xtnuv

�hnintnuv%
nx

nxyw
= 0,  

  B' �� -,C = W + (21 − 1)z   .%��  

.��]
 _` &��30  U�+A�2� %��Y 0��]4 &� �� �  �� �+�;

  s+� &� ���a���I(J = 0) = 2�� �!���:  

I(J) = 2�T"�P + 2��T"�wP  
z ≠ 1 +2�"T"�nP, 31                                     

B' �� -,  

z� = 1
� , z" =  "0���

�("0��) , ��   = zn
}n (zn��)   

�" = C (2q")0
2<z2 − z=~o0/("0��) 

9
 0�*P����� B�12 B�84 :  

I(J) = 2�t��T"P − oP
}n T"P 

+2�'T"��P, z = 1 

B' �� -,  

 �' = (�("0��) <"qn=x
"<z3−1=}�x/(nxyw) , z' =  "0��

"0�� . 

 {8= [\��]
 ���    %��Y9��*12�G�,   ��t��  B��� � 
 %�� �:� MJN B' �� %��Y <! -, %�� -�  -, ��8^

�t�� = � − �'.  ���� +.�>�� _�2��� -, �8� -N84

  [\��]
 �� �:�31    �32    %.�` ��1 = 1    }!��2 ��

(N+
  ]16 [  .%�� ��;&��  



                               7   �8
+4 !
�*�< ��-.�P����� �2�+�-� !>9     92�/�� 03
                                               ...  

  [\��]
  d�,+4  &�31    �32    ��29  .��]
  _`  ��  

  ��+� _c�` _�2�+a!�\(]) �!���:  

                  \(]) = ��
hwyn�� − Γ1�~" Lh

}M"�"��
 

33    z ≠ 1, √3    +Γ" Lh
}M"�� − Γ' L}

hM��",   

                     \(]) = −� + "h
} 62 + |� L}

hM9 

34                z = 1     −2�t��~] − � L}
hMz3�",  

           \(]) = −� ]�/" − 4�~'/"]�/"|� Lh
�M 

35   z = √3 −2 Lh
}M'/" − Γ'(√3) L}

hM�(√')�",  

 -, B' ��� U�+A�2� %��Y��+�;  $ ���]�� %��Y <! �    

                       Γ" = �(�n
���n,              Γ� = (�(�n)n

'��n,   

                                 � =  "0("0��)("sn)x}
ynnxyw

("���)(���),  

             Γ(z) = 2W{ + o0
"0�� �1 − (z + W){%,  

           .  Γ'(z) = 0("0��)(�(�n)("sn)x}
ynnxyw

('�"����)�"0�����n("0��)%  

4 8[\��]
 �� �:� ���� <!+�
 (��33    �34    %.�` ��

1 = 1  (N+
 }!��2 ��   ]16 [ .:2��;&��  .��]
�35    9G��1


 ] (N+
 ��16  �+!& ����:2 [z = √3  ��:3
 ���    &�	


  .%�2  ���8�2\(])  _>�  �����1    �44    �:�  ���

  .%��  

  
2�31  .���8�2  \(])  :z = 0.46  �~ = 1.4  �U = 1�  � = 3� q = 1 

 �� = −3  .1 = 0.947, 0.9572, 0.965 .\�� -� 0�!�� &�  
   

  
2�32. ���8�2  \(]) :1 = 0.9572  �~ = 1.4� U = 1  �� = 3  �q =

1   �� = −3 .z = 0.448, 0.46, 0.47 .\�� -� 0�!�� &�  

  

  
2�33. ���8�2  \(])  :z = 1 �~ = 0.55�  U = 1�  � = 8 �q = 0.5  �

�t�� = −1�  1 = 0.78, 0.816, 0.84, 0.854, 0.865  .\�� -� 0�!�� &�  

  

                  
2�34  .���8�2  \(])  :z = √3  �~ = 1.2  �U = 1  �� = 3  �$ = 4  �

� = −3�  1 = 0.75   �q = 5.5, 6, 6.5, 6.91, 7.3 .\�� -� 0�!�� &�  

  

9
  B�12  �����8�2  %.�`  ��  -,  :*��z ≠ 1, √3 

-.�P����  O=� B�:� � �!+�,� ���:!�� O=� �� �� ���

 %.�` �� .%��� :*��8W �8N� ��:!��  ���z = 1    �

z = √3  -.�P���� {8= ���8
 +� ��b@ 9/=� :*Z ���

���  �29
 9*�� 8�2.:  

 9�:"   #� +���; # ���
����
�� ���  

    ?&\  <�
�*!�8
+4  U��  B82�Q  9����  9��+�  ��+�

 %��, �:��� %��  �
� .:28� -)��3
 9>�
�*!�8
+4 ���

  &� ���a��� �� -, %��G���, 0!� &� 9>! ��:!�� O=� ��

?8Ga
  -� 93V� �2�+;  [�8c> = �7(��)
o�    -)��3


9
�8�  ]30 [ : 

     > = �(�n
o��� K �

���n L��
� M"�� − Λr(" L �

��M"��
 

36      − �("���)("�n)x
("0��D)�n/n�yw L �

��M��"N , z ≠ 1  

  

                    > = �
"�� 61 − �t��b" + |� L }

��M    

37    − �("���)("�n)x
(��W)�n/n�yw L �

��Mz3��N , z = 1  

�   %.�` ��1 = 1  -�(N+
 }!��2   ]16[ 9
 _!:)4:28� .  

  ��+�?+N   �� -.�P����-� -N84B�+� I��- ��8!  ��!�� 

 ]31,17,16 [ :  

0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.2

0.0

0.2

0.4

0.6

0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75
0.1

0.0

0.1

0.2

0.3

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
1.5

1.0

0.5

0.0

0.5

1.0

0 2 4 6 8 10 12 14

6

4

2

0

2

4

6
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38                                      � = � �n��
"(�(�n),  

�  )��3
  ��+��  -.�P����  9>!+�>.�  ���    &�  ���a���  ��

; B82�Q ��-� e+!& [�8c:    

39          = �
o� � r"R" e2WJ(2
fh" )0��
fh&Ω  

9
��� B�12 B�84:    

40                                     = 20��q"0��,  

 -, ] (N+
 -	��2 ��17 [B�>!   �  %.�` ��1 = 1  �2 

-�  ��:/
  �� ]  (N+
  ��  �:
'  %��16  .%��  ��;&��  [

-��!���  9��+�2'  ��+�  %`�
  9��+�2'  B82�Q  <�, 

 ]32 [ :  

41                                ¤ = πr(" L �
��M"��,  

  %.�` �� -,z = 0  -�V����  ��*�'   �2�+; �� 9��+�2'

9
 _!:)4  0��1�2�  .�8�  &�  ���a���  ���V���27  9
 B�84

  -, ��� B�12  �-.�P���� O=� ��� +� 9>!+�>.� _�2���

(N+
  <!  -�  %)2  -�  �%!�G*��  ��  (Q��  +!&  [�8c

 %��  ]17 [ :  

42            Φ(r() = − §(21−1)q]
21−321−1

21−3+2(z+W)� L]
~M

2(z+W)�
21−1 ,  

  B'  �� -,§    %�� %��Y  d!+m <! �   B'  ��:/
 :!��

 .�8� 0��]4 

  s+�  U��@�  ��\(r() = 0    [\��]
  ��33  �4  35 

9
B�84  �(r(, q)    ��  B'  d�,+4  &�  �  -)��3
  ��

.��]
�38  -.�P���� ?+N ��-� %�82 +!& [�8c :  

   �(r(, q)  = ��
"(���n) − (�(�n)¨���

"('��n) L }
��Mo��

 

43     z ≠ 1, √3     − ����
"(�(�n) L }

��M�("���",   

                          �(r(, q) = ��
" 62 + |� L }

��M 

44     z = 1   −�t��~" − ©
" L }

��Mz3��N,  

                 �(r(, q)  = − ��
o − ¨��

" |� L��
� M 

45     z = √3    − ����(√')
ª L }

��M�(√')��/",   

-� -N84 ��  [\��]
40    �41  9
  B�84 �� -.�P���� ?+N

-� +R2  ��  -.�P����  9��+�2'  �  ���  &�  9]��4  [�8c

.%=+;  �� {8= [\��]
 &� ���a��� ���!�: 

46                               
«¬
® = Φ,           «¬

¯ = >,  

-�.��]
  ��  �:� ����  %��Y  -,  B'  s+��42  -� [�8c

��+; 0��]4 +!&:  

47         z ≠ 1      �z = 1          § = 212
21−zC,  

  �� -,-� ��:/
  �� �:
' %��(N+
   ]16 [   .%�� ��;&��

  +�  ��+�  �<�
�*!�8
+4  U��  B82�Q  �0!�+��*�-�    -���

-.�P�����9284b!� ��� -� %�� ��+Q+� +!& [�8c :  

48                             &� = >&¤ + Φ& .  

 2�)'� 	�����" 2<
�!�= >#� � ������?  

   9
  <�282�,  _)
�2'  I��  ��B�84�    -�  -N84  ��

9!�
+;  %�=+�  %
b@�    9>�
�*!�8
+4  ���:!��

-.�P����V��� �� 9!�
+; %�=+� .�+, 9��+� �� ���    +!&

9
 �����8� :  

49                               e® = > L¯
°M® = °

±²²,   

  B'  ��  -,�¯¯ = Ln±
¯n M®.  �`+
  0!+W'  ���49   &�

.��]
�46 9
 .%�� �:� ���a������ B�12 B�84:  

       �¯¯ = �
"�n�n�� K �("�n)x

�n/(n�yw) L �
��Mz3�� − 1N,   

50          z = 1  

  �¯¯ = − �(�n
ª�n��� KL��

� Mo�� + (1 − z")Λr(" 

51          +Γo L �
��M��"���"N , z ≠ 1  

  B' �� -,Γo = Γ'(Γ − 1)(Γ − 3 + 2zγ).    -N84

  [\��]
  ��  �:�  ����  +!��/
  -,  �8�50    �51    ��

%.�`1 = 1  ] (N+
 }!��2 ��16 .%�� ��;&�� [  



                               9   �8
+4 !
�*�< ��-.�P����� �2�+�-� !>9     92�/�� 03
                                               ...  

  ���:!��  _��34 ��+�-.�P���� �9>! �= 9284b!� ���

  ������8�2>    ��¯¯  -�_>� �� B�
 �� [�8c ���

5 �4 7 ��� �:�:2�.   

  
2�35.    ���:��¯¯(]()  ((���)   #>(]()  (��=)  :z = 0.8  �~ = 1  �

U = 1�  � = −3�q = 1    �1 = 0.85. 

  

  
2�36.  ���:�500 �¯¯(]() ((���)   #>(]() (��=)  :z = 0.8�  

~ = 0.6  �U = 1 �� = −3 �q = 0.5    �1 = 0.85 .  
  

  
2�37. 5 �¯¯(]() ((���)   #>(]() (��=)  :z = 1 �~ = 1� 

U = 1  ��t�� = −1�q = 1    �1 = 0.85. 

_>�5  9
  B�12  ��  U��  x82  &�=  ��J;  <!  q/=  :��

]( = ]t´f    � ����  �8N�-.�P���� ��:!��  O=�  ��  ���

  .:2��:!��  B'  &�  +�;� �-�  -N84  ��_>�  ���8�26    <!

  �� U�� x82 &�= ��J;]( = ]t´f    x82 &�= ��J; �� �

  ��  ?��]( = ]�    �]( = ]"   .:2���  �8N�

-.�P�����&��  ��  �G2'  O=�  x�]�  -,  9!�����  

]t´f < ]( < ]�    �]( > ]"  .:2��:!��  ����  ��+=    +�

_>� ���8�2 e���7  ?�� x82 &�= ��J; <! �]( = ]' 

�  �� ?�� x82 &�= ��J; �� ��  x�]����  ]( = ]�t´f 

  �]( = ]"t´f    .:2��� �8N�-.�P����  O=� x�]� -, 9!��

  ��  �G2'&���  ]t´f� < ]( < ]'  .:2��:!��  ����  ��+Q 

 ������8�2�¯¯(]() #  >(]()   %.�` ��+�z = √3 

-�  -�)�  ����_>����  5    �6  -�  .%��  _�.�  0���

  ���� B�12 ���+>4 &� M�*�N� ��+� �%.�  ̀0!� ������8�2

�:12 .:2�  

 �������� 	�
����
������� ���-���  

   -�  B8*,  �4  9��+�-.�P���� ��)  9284b!�  ���

M8Z��GZ  -�W��+�  (0��1�2�  &�  ���a���  ��  <*!�  .�!�

-�  }!��2  �B����  �!:��  [b!:)4  -�  ��  �:
'  %��

M8Z��GZ  -�  �  ����  U�/�2�  B��8N  9��+�

-.�P�����2�+� ���-9
 9>!��  �8R*
 0!� ��+� .�!&��+

<!+�
 &� �2�+�--� 9>!�9
 x�+� +!& [�8c��*, :  

      &[" = �̅+,&)+&), = −.(])&^" + Ohn
�(h)  

52     +]"¶(])"(&`" + sin" ` &d")  

 [\��]
 &� ���a��� ��8  �14 �!���: 

53                  .(]) = Ω2\(]) = T�"�P\(]),  

54                  ·(]) = Ω−2\(]) = T"�P\(]),  

55                   ¶(]) = Ω_(]) = T��P_(]),  

  -, �8� -N84_(])    �\(])  -�[\��]
 �� d�4+425 �

33 �4 35 �:� ���� � :2�J V��� O��V
  �2�26  &� 9]��4

]  .%��  x�]� ��:]4 � �8N� B��� B�12 ��+�  O=� ���

  ���8�2 ��:!��·(])  _>� �����8  �4  11  �:� ���.:2�  

-.�P����  �8N�  �����8�2 ���  O=�  B�:�  ��:!��  �

O=� -� � �� ����� ��!+�,� ��:!�� 4 ��T 9
 :�! .:**,  
 

     
2�38.    ���8�2·(])  :z = 0.46  �~ = 1.4 �U = 1  �� = 3  �q = 1  

 �� = −3  .1 = 0.953, 0.9572, 0.961 .\�� -� 0�!�� &�  
 

0.4 0.6 0.8 1.0 1.2 1.4 1.6
0.4

0.2
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0.00
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0.25
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0.2
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2�39.   ���8�2·(])  :1 = 0.9572  �~ = 1.4  �U = 1  �� = 3  �q =

1   �� = −3 .z = 0.448, 0.46, 0.47 .\�� -� 0�!�� &�  
  

  
2�310.  ���8�2  ·(])  :z = 1  �~ = 0.55  �� = 8  �q = 0.5  �

�t�� = −1    �U = 1.  1 = 0.78, 0.816, 0.84, 0.854, 0.865    &�

.\�� -� 0�!��  
  

                   
2�311  .���8�2  \(])  :z = √3  �~ = 1.2  �U = 1  �� = 3 �$ = 4  �

� = −3  �1 = 0.75   �q = 5.5, 6, 6.5, 6.91, 7.3 .\�� -� 0�!�� &�  
 <!+�
 -� -N84 �� -.�P���� ��
�52  V��� ���  +!&    ����

9
 �8� 

56                            >� = 1
4π ¸�(r+)

?(r+) LO?(h)
Oh Mh¹r+

,  

[\��]
 &� ���a��� �� �53  �54 �!���:  

    >� = 1
4π 6Ω�" O

Oh <Ω"\(])=9h¹r+
= 1

4π 6O�(h)
Oh + 
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