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Abstract 

In this study, the structure of ion-acoustic shock waves in an unmagnetized plasma consisting of warm ions and 

regularized Kappa-distributed electrons has been investigated. Using the reductive perturbation method, the 

nonlinear Korteweg-de Vries-Burgers (K-dVB) equation is derived for the dynamics of ion-acoustic shock 

waves. Here, the dissipation generated by the ion kinematic viscosity is also considered. The analytical solution 

of the K-dVB equation is obtained by employing the tangent hyperbolic (Tanh) method. In addition, the 

analytical conditions for the propagation of oscillatory and monotonic shock structures are also discussed in 

detail. It is observed that when the viscosity of the plasma medium is fairly small, the oscillating shock waves 

will be able to propagate in the present plasma medium. Furthermore, it is seen that the regularized Kappa-

distributed electrons can modify the structure of shock waves. In other words, both positive and negative 

amplitude shock waves can be propagated in the present plasma model. The dependence of shock structures on 

the parameters related to electron distribution (i.e., � and �) and the kinematic viscosity of ions are also 

discussed. The results of this study may be useful for understanding nonlinear phenomena in space/astrophysics 

plasmas where regularized Kappa distributed electrons are assumed.   
Keywords: Ion-acoustic shock waves, Regularized kappa distribution, K-dV Burger equation, 

Dispersive effects.
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�	&�@1�  	�U.�  ����/  ,% 94  ��  :%��  ;��   :� �;���

��9Q�9% :=;.-�] b�&o� 0/  .*�� �;� ��31 8�( �� �K1

��  $%�    	  :����  bs��V�  ����   �  ;V�  �;�  :V� 01�2�
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۴                         , @A@B + @@C (�D) = 0  @E@B + D @E@C = − @F@C − − <� G� HI @A@C +J @KE@CK     
۵                                   

۶                                 @KF@CK = �� − �.  
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 �+ �� 0/  

                         +# = �� + ! # �⁄! + �� ��N<                                   
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             +� = �� �⁄  !�! − ��� ! # �⁄! +�! # �⁄! + ��� +# + #<O �PNQ         

٩     

  0/ :1�g��NA 0�:� q%&V4 &%  b�9P :�9�  

١٠        NA = RSA �⁄ ,A �⁄  !; TK!UR(� �⁄ ,� �⁄  !; TK!) 

0�.�� �.n=5,7,9    ��.%�  ��N(*, +, V)  0�,��4  ��9.B 

Kummer U   0� 	 q%&V4:� :?&V� &%  b�9P:�9�    

١١   

N(*, +, V) = 1Γ(*) W XY #(1Z
�+ X)[ Y #\ ]B8X 
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0�  �W�g  $%�  &%��2�  �� �� ≠ 0 ���.I�  ����/  ,% 94  �
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  :?&V�:�  .�9�  $�.e��J  0� 8�(  ��9.B  k%&O  :=;.-�]

:� q%&V4 �9% :@�4��.���9�    0� 	^�cd    �;� ���.I�

  .*��  

�"��&5 �,�
,6��2
  7&&2�  :8    ��  
��3  4�9�

  
�:&�  

     ��&� �� :YM&�S L�9�� W934 &� �/�g bs��V� $��V4

T�  W;�  :'��/  WT�M�  J	�   �  �&O�g  ����]3[ 
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@m + @E(H)
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−k @E(H)
@m + @F(H)

@m + + 53 G @A(H)@m = 0  
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R�IK,   IK !; TK!�p) q(#)  
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  �-4&��  A	�g  �� &%  bs��V��0:� *�� :;.%+  

k w�(�)wj − wD(�)wj = w�(#)wl + wS�(#)D(#)Uwj  

١٩   

k wD(�)wj − wL(�)wj − 53 G w�(�)wj
= wD(#)wl + D(#) wD(#)wj
− 59 G�(#) w�(#)wj − J� w�D(#)wj�  

٢٠   

y� − 12�
+ �� z1 + 32 N �52,   52 − �; ����

N �32,   32 − �;  ����{| q(�)
− �(�) = } 
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��9Q  0/  
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٢٣                         NQ = R��K,   �K !; TK!�
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  .;.���<@�2    :C(9C]  0�  k%�&O  $%�  :C����	

  ���&�������    	�  :�  ��'(  ��  .;��<@�   �2  (q1�)
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:�  �;��'� 0/  �9�    �9ng  ���	&�@1�  ,% 94  ��  :%��

��U.� ����/  :� :YM&�S k%&O  *-i� &%��2� ����� ;(�94

0� .;��� :h.� 	&C%� b��-B�  0�2� �� � ��;2�  � &��/ &%��  

  ���/ :(�&3��� 0� 0/ :h�Q 5M�� ��;2� :.V%) �+ �� �

:� &hP :YM&�S k%&O�9��(  :YM&�S k%&O � < 0 *��  :1�g��0/�    �  &�'��  &%��2�  ��&���  �  k%&O

:YM&�S � > 0:�;���  .  a%�&�  $%�  �9_	  L�9��

0�&O.��� �� ���  :h.�  (:Q��-(�)   *-i� 	  (:�/�&4)    �� ��

4 &O�g ������:� ;�H;./  .  �&C%� �9�  � ��;B l%��(

:� ��'(��;.    ,Yd &������ �%�8?� �� 0/���;2� �   5M��

:(�&3� :h�Q  ��  :� ���/  .;��%0�0�  �0(9�( ��9.B  �� � � = 0  :h�Q 5M�� :(�&3� ��;2� �  c�-%&249/0   J��8=

:1�g��  �;�  ��&�  0/� = 0.1  ��;2�  ��� = 0.76 

:�  $��V4  .�9�$%�&�  �	TB  ��  �;�  ����  l%��(  �

<@�2:� ��'( (q1�);.��   0e(�.] 0/  &%��2�� > 1.5 

  �;(9� ��31  cs	�  :YM&�S k%&O  ���9��  c��(�o *�� *-i�

� �+ b�&��R40  ,Yd &�������  .���;( :�9�3� :C����	  

� A s 00�&O L�9�� ���?� ���	
� $%� �� 0/ *�� &/�  ��

:h�Q  5M�� ��;2�  0/  :Y%�&� ��   ���/   ��;2�  ��  c�2�d�

  :(�&3���  0�  .*��  �;'(  :��&�  �*��  ���@%  b��-B

  �� �&C%�  0/ :�1�g� = ��  � ����� :YM&�S k%&O

1��V� 	 �;� &hP�25  :�(  �� L�9�� &� �/�g W934 ;(�94

0�;./ q�P94 :���� .a%�&� $%� �� 0� ;%��  k4�&� ~�&�

  .�%	&�  :YM &�S  &4s��  �;V�  b�V1�Y�  ��  �9O9� $%�

 ��9� :��&� ��&d ;��9M *?&=  .  

 :=;.��� k%&O b�&��R4�    ���/ :h�Q 5M�� k�g&�

0�  	  &������  q
�7�  &%��2�  �� ��    8�(<@�  ��2 (^)

  .*�� �;� ���&4:� �;��'�  :=;.���  k%&O 0/ �9�

 *��  *-i�  ���9��.  V1�Y�  ��  0/  ��./  *d�  ;%��� 

 �;%;�  ��.I�  ��  ���9��  :=;.���  k%&O  �:YM&�S  ���

  k��.��  L�9��  *��:H��(+   �  	  �.I�  0/0�  >%  ��9.B

  >%8�? *��/  k%&O �;� *-i� �K1 *�� *-i� ���9��

  8�( :=;.���0�  :�g��:� f�_94 <��d  .;���  $�.e�� ��

�	&�@1�  �9ng�U.�  ����/  ,% 94  ��  :%��  �;�  � ��8��

:� &��/ a�3� :=;.�����&=.      *2�2g �� &�� $%� *
B

 �U.� ����/ ,% 94 �� �;� :?&V� ,Yd &������ 0/ *�� �+

��	&�@1�  ���/  0�  &�.�  �;:�  �y&(�&�  ��� ��  .�9�

�+ ��'? 0���(  &��/ ���;�    	  &�� $%�:� k-�  0/ �9�

  .;��% ���/ L�9�� :=;.���&�'�� m�� ��&��   :�+ :.3.�

<@� �� �(� ���� 	2 (^)  ��    0�%�2� �(� 8�&d :.3.� ��

  .;�./  

  

 
q1�  
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 ̂ 

;$	2.  k%�&O b�&��R4  (q1�  :YM&�S  �    :=;.���  (^ 	�   k�g&�

 :h�Q 5M�� 0� ���/� &%��2� �� �7  q
�� .  

 �6��2
 >,�?K-dVB 

   0�&O  L9�  ���M��1��V�  a�94  �;�  q�P94  ���25  

0�0�  b;�k%�&O &%��2�  �  ��  	   ^  .����  :C���     �

H��(+: ���&������  0�  :=;.���  	  :YM&�S  k%�&O  0/  

  ,% 94  ��  a-4&��	&�@1���  :.V%  �    	�    k%&O  	

0�  a2?  :=;./�&��9%  :=;.-�]  J�  ;.���  0����	 �K1  �

:� ��&������ $%� $�� j�-4��  ��&� �� :h
�7� a%�&� ;(�94

0�&O L9� ��'�(�  .;./ ���%� &O�g ����T� W;� �� ��

1��V�  ^�9_ 0����  ��  �$%�&��.��25    	b��P96M    �+  ��

  .�&/ ����9M :��&� 

1��V� ^�9_ $�?�% ��&��25  �:� �&?  ��./% ���>     �

  b�&o�:=;.���  �    	  �%  \T4�^�   ����T�  a�3�  ��

\&P  <��d  &O�g(  ��&/  &U(;.��-  .  &��R4  ��  �;���

  */&g W�g �� ^9]��] 0� b�6�7� ,_&� ^9]��]

 �  ��0�&O  L9  t%&Q   �  ��J = 1(j − Nl)  /  0 1  �� k��.��  �@B	 L�9�� ��.I�  N    0�&O L9� *B&�

:�;��� 1��V��25 :� ��0� ��(�94 :��./ :�%9( �� &%  A&?  

−N �F(H)
�� + �L(#) �F(H)

�� + �1� �IF(H)
��I −

^1 �KF(H)
��K = 0   

٢٩   

:�  �9./�1��V�  ����9M�  �  ��  ��  w9?0  J	�  ��&�  ��/

>�19�&`%�� *(�
(�4  ]36[    ��  �9U.�  $%�  ��&�  .��./  <g

  ^�7�(�� = tanh J  0@.%�  	                         8� 8J⁄ = 1 − tanh�J 1��V�  ��29 :�%���  

−N 8L(#)8� + �L(#) 8L(#)8�+ �1� u(1
− ��) 88� n(1
− ��) 8L(#)8� pv
− ^1 88� n(1
− ��) 8L(#)8� p = 0 

٣٠   

  �� �9./�  ^�7�(�  a��L(#) = �� + �#� + ���� 

1��V� �� �+ ���� ��&d 	�30  ��94 ��&/�;_ $�.e�� 	  ���

 q
�7��  :*��� ����9M 

�� = N� + 3^�25�� 

�# = − 6^�25�� 

�� = − 3^�25�� 

1 = ^10� 

٣١   

  �$%�&��.�  ^�9_  01��V�K-dVB  :�;(�94  &%  A&? 0�   ����

 :�9�  
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L(#) = 3^�25�� (1 − tanh�J) + N�− 6^�25�� tanh J 

٣٢   

  W�g  ��0�  a%�&� ��&�  ��/L(#) = 0    *1�g ��J →
+∞ *B&� ��(�94 :� �  N    A&? 0� ��N = 6^2

25��   $��V4

  	  ��(+  �^�9_  :%�I(    01��V�29    ��  &%  b�9P 0�  *�;�

  :��	+ ����9M  

                                              L(#)(j, l) = L� ~4 − �1 + tanh �m R �� ����  

٣٣   

��9Q  0/L� = 3^�/25��    �� = 10�/^    	N = 6^�/25�    L9� *B&� 	 �.I�  �0.���  &C(���  k�4&4  0�

0�&O .;.��� �� 

 <@� �� �;� ���� l%��( 0� 0_94 ��2  �9] �� > 0    *��

0�&O L9� ��'�(� *B&� 	 �.I� �K1  ��;2� >% ���9�� ��

��9M  *-i�.  �&C%�  b��-B  0�  .�9�  ;N > 0   a�3�  ��

&O�g  ����T�  :�  ����0/  ;./    *��  0�  0�&O  L9�

  .;� ;��9M &'�.� *���$%���  0�  0_94 ��  �W�gL� ∝ 1/��  	    k%&O ��&� :h.� 	 *-i� &%��2�:YM&�S�   0�

  k�4&40�&O  L�9��  �9_	  ��  ��L� > 0    �%L� < 0  

  ;.��9M b�-o�;�  .0�&O L9� ���M�� �0������  q�P94 ��

01��V�  a�94  �;�  33  ��  �9_9�  ���&������  k�g &� 

a�3�  .;� ;��9M :��&� &O�g ����T� 

  <@�3    q
�7� &%��2� k�g&� �� 0�&O L9�  � :%��(

:�  ��'(  ���/  :h�Q  5M��  .;��  &%��  ��.%�  ��

  b�9P  0�  ���T�  a�3�  ��  �9_9�  ���&������G = 0.01  �� = 0.05    	J� = 0.9  �;� 0�?&=&U(�� .;(�

Q&�-  <@� �� �;� ���� l%��( t2  (q1�)  �:� �;��'�  �9�

�� �  0�  0/   �  &��/  &%��2�  �� ≅ 0.88    ��  0�&O L9�

��9Q *��� ;��9M �9_	 :h.� 0.���  ��;2� �%�8?� �� 0/ �  �:�  �%�8?�  0�&O L9�  0.���  .;��% ��  &�'��  b��H8_

  <@�3  .*��  �;�  ����  ��'(  (q1�)  �&C%�  �9�   �

   � &�=�8� &%��2� �� � 0� 0�&O L9� <%�?	&���   <@� ��

3:� �;��'� .*�� 0�?&= ��&d :��&� ��9� (^)  0/ �9�

  *1�g $%� ��  �%�8?� �� �0�&O L9� *-i� 0.���� ���/ �

:�.;��%    �&�� $%� :@%8�? <�1�  $����  :C����	�	��	    0.���

  0� 0�&O L9� k%&O:YM&�S  ���:� ��;���  )  L� ∝ 1/��(  .&C%�  b��-B  0�  � ��  �;�  ����  l%��(  t-Q  &�

@�<2  �(q1�) ��&�  :YM&�S  k%&O� < ��    )� > ��:� (�%�8?�)���/ ���/ �%�8?� �� �(  $%�&��.� .;��%  0.���

  .*?�% ;��9M (���/) �%�8?� 0�&O L9�  �&C%� ���� 0�

 L�9�� �(���/ &��/ &%��2�) �y&(�&� ��I(	&�@1� �9ng ��

0�&O  (�&��/) �&�'�� 0.��� ����� (:h.�) *-i� 0.��� ��

.;.���   

 

  
q1� 
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;$	3. ) 01��V� a�94 �;� q�P94 0�&O L9� <%�?	&�33 �� � 0� (

  :h�Q 5M�� q
�7� &%��2��  ��.%��� .G = 0.01  �� = 0.05   	 J� = 0.9 �;� �&?  .;(�  
 

0�&O L�9�� ���;%�� �9./���   �7� $%� �� �;� q�P94

  .���  ����9M  ��&d  :��% ��  ��9�  �� W934  �9U.�  $%;�

  :(�� 0�&O L9�  01��V� a�94 �;� q�P94 ��33    0� ��

 <@� .�&/ ����9M :��&� ��;B b�9P4 �  L9� W934

0�&O  ��  ���  �� � 0� �� &O�g �����  q
�7� ��� 0�

  k�4&4 *1�g  	�  ��  � = 0.6    	� = 1.5   ��'(

:�.;��   *1�g   �  >%  ���  ��  0/  *��  &/�  <��d ���

���  0(9=:�(  �;��'�  :(��9(  �K1  �9�  �� �����

&O�g ����T��  � 9���9% L-0�&O :49P :�M�9.@% ��1 

  .;(��� ��'�(�  *�
��d �	;� 0�&O L�9��  �&C%� b��-B 0�

:� &'�.� WT�M�  .;(9�  

 

 
١ onotonicM 

 
q1� 

 

  

  
 ̂ 

;$	4. 0�&O L9� :(��  W934) 01��V� a�94 �;� q�P94 ��33 	� �� (

  (q1� *1�g� = 0.6  (^ 	� = 1.5 <@� ;.(�� ��&������ &%�� .3  

:� .;.���  
 

 L9�  ��9-(  :(��9(  	  ���;%��  0/  *��  &/�  0�  A s

0�&O  ��  01��V�  a�94  �;�  q�P9433 b�9P  0�  �

:� :��&� <��d 8�( :
�
34  .;���  WT�M� ��9U.� $%� ��&�
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A&? 0� �� :@]9/                                          L =
L(1)(j, l) + gq�    01��V� ^�9_ ��&�K-dVB   &U( ��

:��%&�=0Y��� �� b��-B $%� ���KC%�_ �� .  29    A��(� 	

� 01��V� �A s b�-��3�%WT�M�  ��&� ��  &%  <��(�&hq� 

:��	+ ����9M *�;�  

�1� �KF���K − ^1 �F��� + L S�L(1) − NU = 0   

٣۴   

  ^�7�(� ��L  = \¡�    01��V� :�9�B ^�9_ ��9.B 0�34  �

��;2�  ¢    01��V� <g t%&Q  �  :@�/  &%  A	� 0_�� $��V4

:��9�: 

         �1�¢� − ^1¢ + �L(1) − N = 0    

  �  :�%��� w9? b��-B <g   

٣۵                 ¢ = £±¤£K P/(¥L(1)−N)
�/�  

:1T�M�  ^�9_  �9�  :(��9(  j&�L     0/  *��  �+¢ 
�a
�7  .;���  :�  <P�g  :(��  ����?�  $�.]  0/  �9�

  b��-B  ^� − 4�(�L(1) − N)    .;���  :h.� ��  �K1

01��V� $�?&= &U(�� 33  ��&�L(#) � j&� &�M�  0Y��� 0�

:� <%;-4 &%  :��&=  

٣۶     1 + 12h1 + tanh Ji� < 0  

H��(+   �  w9?  b��-B  0@�  0_	  ���  0�:�(  :h.�  �9�

 �$%�&��.�0�&O L�9�� ��&� :(��9( ���?� $���� $%� �� ��

  	 ��9� $@�� &�S *1�g:� *��o �I(+ ���;%��  .��&=  �9./�

  L�9��  :Y%�&� 0] *34  0/  �9� :�  z&Y�  W�9� $%�

  �*��� ;.��9M �9_	 :(��9( �� 0�&O  ����  0���� ��

  .*?&= ;��9M ��&d :��% �� ��9� W�9� $%� 0�  

 ���� �,�
, ��?- B�	 C�,��$� - �D���D �,  

0�&O  L9�  ���M��  *V�-Q  0�  ��  $��  0Y���  ���&������

:=;.���    :C��� &U(;� ����T� a�3� �� :=;./�&� 	

  .���� �� �;� :Q W�	� ;.(�� �����M�� $�.] $�?�% ��&�

01��V� �<-d �7� 29 :� :�%9( �� &%  A&? 0� �� :��./  8�L(#)8J� = N�1� L(#) − �2�1� SL(#)U�

+ �̂1 8L(#)8J  

٣٧   

  ���KC%�_  ��L(#) = Φ� + Φ�  )  0Y���  ��37(    	 ��  

 �&?Φ� ≪ Φ�  :*��� ����9M  8�Φ�8J� − �̂1 8Φ�8J + N�1� Φ� = 0 

٣٨   

��.%�  ��  Φ� = �R¥  � &�  j&�  ��9.B  0�   k��.�   ��

  *1�gJ → −∞  :�01��V�  0/  ��9Q  ;���  29   ;(�9��

  >%0�&O  L9���    .;./  q�P94  ��  ^�7�(�  ��  �9./� exp (LJ) 01��V� ^�9_ ��9.B 0� 38 �%��� � 

٣٩      L = £�/� ± ¤ £KP/K�K − R/�K  

0�&O  L9�  >%  $����  ��&�  �K1  ;%��  :(��9(  �� ^ < ©̂ = √4�N    �&C%�  b��-B  0�  .;��� &=�

   � ���T� a�3� :=;.-�]  >%(�&3� ��;2�;��� &��/ :  �

0�&O L�9��  .*��� ;.��9M �� ��'�(�  *�
��d  :(��9( ��

a��	� t-Q&�  38    	39  �^�9_  0�&O L9�:(��9( ��    0�

 &%  b�9P����   :;� ;��9M  L(#)
= Φ� + *\`5( ^2�1 J) cos y® N�1� J| 
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۴٠   

  ��.%� ��*  :� ��971� *��o >%  .;���  0/ ��./ 0_94 ;%��

 a�3�  ��  :(��9(  L�9��  $�.]  �9_	  :@%8�?  <�1�

  0�  &O�g  ����T�  $%� b�9P    0/  *��  k%&O  &=�

 >]9/ c��-�( ���T� a�3� (:=;.-�]) :=;./�&�  �;���

  b�(��9( 	 �&/ ;.��9M &�= <��(��� ��] >% �� b���

��]  ���9%�  $��  �I(+�   ;��9M ���%�  ��  :(��9(  L9�  >%

 ;��9M �/ :C���+ 0� b��� �y&(� �*1�g $%� �� .�&/

  $%� 	 ;�  &��:� �B��  L9� 0I-_ �� W	� ���9( ;.] �9�

��  .;.���  :(9��1��  L�9��  ;.(��$%�  k%&O  &=�  �W�g

.-�]  b���  */&g  �;���  &�'��  :(�&3�  ��;2�   �  :=;

  :(��9(&�S��9�  0�&O L9�  >% 	�M�9.@%  �� :    *�;�

 .;�+ ;��9M  

  <@�5  :=;.-�]  k%&O  :(�&3�  ��;2�  b�&��R4  ^© 

  �� &O�g ����T� a�3��	&�@1� �9ng ����  ,% 94 �� :%

:� ��'( �;� �U.� ����/  .;��:� �;��'��9�    �%�8?� ��

  ,Yd  &�������   ���/  :(�&3�  :=;.-�] k%&O ��;2�

:�  .;��%:� ��'( ��;B l%��( �&C%� �9�  �  �� 0/ ;.��

�	&�@1� �9ng  ��;2� $%� ��;� �U.� ����/ ,% 94 �� :%��

  :(�&3�  �%�8?� ��  ���/:� ���/ �`� 	 �%�8?� �;��� .;��%  

0�&O L9� ���?�:(��9( ��    &O�g ����T� a�3� ��&�

  *��o ��;2� �� � 0�� = 0.05    5M�� q
�7� &%��2� 	

  <@� �� ���/ :h�Q6    .*�� �;� ���� ��'(  ���.%� ��  ��

  <@�  ��  �;�  ����  l%��(  0�  0_945  k%&O  ��;2�  �

  :=;.-�]01 /0    �4 *�� �;� ^�7�(� L�9�� �9_	 j&�

0�&O .�9� ���	+&� :�9M 0� :(��9( ��  �;��'�:�  �9�

  0/  ��  *1�g� < ��    �0�&O L�9��  0.��� �� :(��9( ��
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